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INTRODUCTION. 


HE arts and fciences have become fo extenfive, 


that to facilitate their acquirement is of as 
much importance as to extend their boundaries. 
#} Illuftration, if it does not fhorten the time of 
roar will at leaft make it more agreeable. Tuis Work 
has a greater aim than mere illu(tration; we do not intro- 
duce colours for the purpofe of entertainment, or to amufe 
by certain combinations of tint and form, but to afflift the 
mind in its refearches after truth, to increafe the facilities 
of inftruction, and to diffufe permanent knowledge. If we 
wanted authorities to prove the importance and ufefulnefs 
of geometry, we might quote every philofopher fince the 
days of Plato. Among the Greeks, in ancient, as in the 
fchool of Peftalozzi and others in recent times, geometry 
was adopted as the beft gymnaftic of the mind. In fact, 
Euclid’s Elements have become, by common confent, the 
bafis of mathematical fcience all over the civilized globe. 
But this will not appear extraordinary, if we confider that 
this fublime fcience is not only better calculated than any 
other to call forth the fpirit of inquiry, to elevate the mind, 
and to ftrengthen the reafoning faculties, but alfo it forms 
the beft introduction to moft of the ufeful and important 
vocations of human life. Arithmetic, land-furveying, men- 
furation, engineering, navigation, mechanics, hydroftatics, 
pneumatics, optics, phyfical aftronomy, &c. are all depen- 
dent on the propofitions of geometry. 
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Much however depends on the firft communication of 
any fcience to a learner, though the beft and moft eafy 
methods are feldom adopted. Propofitions are placed be- 
fore a ftudent, who though having a fufficient underftand- 
ing, is told juft as much about them on entering at the 
very threfhold of the fcience, as gives him a prepofleffion 
moft unfavourable to his future ftudy of this delightful 
fubject ; or “ the formalities and paraphernalia of rigour are 
fo oftentatioufly put forward, as almoft to hide the reality. 
Endlefs and perplexing repetitions, which do not confer 
greater exactitude on the reafoning, render the demonftra- 
tions involved and obfcure, and conceal from the view of 
the ftudent the confecution of evidence.” Thus an aver- 
fion is created in the mind of the pupil, and a fubject fo 
calculated to improve the reafoning powers, and give the 
habit of clofe thinking, is degraded by a dry and rigid 
courfe of inftru€tion into an uninterefting exercife of the 
memory. To raife the curiofity, and to awaken the liftlefs 
and dormant powers of younger minds fhould be the aim 
of every teacher; but where examples of excellence are 
wanting, the attempts to attain it are but few, while emi- 
nence excites attention and produces imitation. The object 
of this Work is to introduce a method of teaching geome- 
try, which has been much approved of by many {cientific 
men in this country, as well as in France and America. 
The plan here adopted forcibly appeals to the eye, the moft 
fenfitive and the moft comprehenfive of our external organs, 
and its pre-eminence to imprint it fubjeét on the mind is 
fupported by the incontrovertible maxim expreffed in the 
well known words of Horace :— 

Segnius irritant animos demiffa per aurem 
Quam que funt oculis fubjedta fidelibus. 


A feebler imprefs through the ear is made, 
Than what is by the faithful eye conveyed. 
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All language confifts of reprefentative figns, and thofe 
figns are the beft which effet their purpofes with the 
greateft precifion and difpatch. Such for all common pur- 
pofes are the audible figns called words, which are {till 
confidered as audible, whether addreffed immediately to the 
ear, or through the medium of letters to the eye. Geo- 
metrical diagrams are not figns, but the materials of geo- 
metrical fcience, the object of which is to fhow the relative 
quantities of their parts by a procefs of reafoning called 
Demonftration. This reafoning has been generally carried 
on by words, letters, and black or uncoloured diagrams ; 
but as the ufe of coloured fymbols, figns, and diagrams in 
the linear arts and {ciences, renders the procefs of reafon- 
ing more precife, and the attainment more expeditious, they 
have been in this inftance accordingly adopted. 

Such is the expedition of this enticing mode of commu- 
nicating knowledge, that the Elements of Euclid can be 
acquired in lefs than one third the time ufually employed, 
and the retention by the memory is much more permanent; 
thefe facts have been afcertained by numerous experiments 
made by the inventor, and feveral others who have adopted 
his plans. The particulars of which are few and obvious ; 
the letters annexed to points, lines, or other parts of a dia- 
gram are in fact but arbitrary names, and reprefent them in 
the demonftration ; inftead of thefe, the parts being differ- 
ently coloured, are made B 
to name themfelves, for 
their forms in correfpond- 
ing colours represent them 
in the demonftration. 

In order to give a bet- 
ter ideaof this fyftem, and A 
of the advantages gained by its adoption, let us take a right 


ic 
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angled triangle, and exprefs fome of its properties both by 
colours and the method generally employed. 


Some of the properties of the right angled triangle ABC, 
expreffed by the method generally employed. 


1. The angle BAC, together with the angles BCA and 
ABC are equal to two right angles, or twice the angle ABC. 

2. The angle CAB added to the angle ACB will be equal 
to the angle ABC. 

3. The angle ABC is greater than either of the angles 
BAC or BCA. 

4. The angle BCA or the angle CAB is lefs than the 
angle ABC. 

5. If from the angle ABC, there be taken the angle 
BAC, the remainder will be equal to the angle ACB. 


6. The fquare of AC is equal to the fum of the {quares 
of AB and BC. 


The fame properties expreffed by colouring the different parts. 


Me &  A2-.]&-D 


That is, the red angle added to the yellow angle added to 
the blue angle, equal twice the yellow angle, equal two 


right angles. 


a 7 = - 


Or in words, the red angle added to the blue angle, equal 
the yellow angle. 


» Qc aoc AM. 


The yellow angle is greater than either the red or blue 
angle. 
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Either the red or blue angle is lefs than the yellow angle. 


; Oma a 


In other terms, the yellow angle made lefs by the blue angle 
equal the red angle. 


Gn Siececmacpea® = Ee -- Bl 2. 
That is, the fquare of the yellow line is equal to the fum 
of the fquares of the blue and red lines. 


In ora] demonftrations we gain with colours this impor- 
tant advantage, the eye and the ear can be addreffed at the 
fame moment, fo that for teaching geometry, and other 
linear arts and fciences, in claffles, the fyftem is the beft ever 
propofed, this is apparent from the examples juft given. 

Whence it is evident that a reference from the text to 
the diagram is more rapid and fure, by giving the forms 
and colours of the parts, or by naming the parts and their 
colours, than naming the parts and letters on the diagram. 
Befides the fuperior fimplicity, this fyftem is likewife con- 
fpicuous for concentration, and wholly excludes the injuri- 
ous though prevalent practice of allowing the ftudent to 
commit the demonftration to memory; until reafon, and faét, 
and proof only make impreffions on the underftanding. 

Again, when lecturing on the principles or properties of 
figures, if we mention the colour of the part or parts re- 
ferred to, as in faying, the red angle, the blue line, or lines, 
&c. the part or parts thus named will be immediately feen 
by all in the clafs at the fame inftant; not fo if we fay the 
angle ABC, the triangle PFQ, the figure EGKt, and fo on; 
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for the letters muft be traced one by one before the ftudents 
arrange in their minds the particular magnitude referred to, 
which often occafions confufion and error, as well as lofs of 
time. Alfo if the parts which are given as equal, have the 
fame colours in any diagram, the mind will not wander 
from the object before it; that is, fuch an arrangement pre- 
fents an ocular demonftration of the parts to be proved 
equal, and the learner retains the data throughout the whole 
of the reafoning. But whatever may be the advantages of 
the prefent plan, if it be not fubftituted for, it can always 
be made a powerful auxiliary to the other methods, for the 
purpofe of introduction, or of a more fpeedy reminifcence, 
or of more permanent retention by the memory. 

The experience of all who have formed fyftems to im- 
prefs facts on the underftanding, agree in proving that 
coloured reprefentations, as pictures, cuts, diagrams, &c. are 
more eafily fixed in the mind than mere fentences un- 
marked by any peculiarity. Curious as it may appear, 
poets feem to be aware of this fact more than mathema- 
ticlans ; many modern poets allude to this vifible fyftem of 
communicating knowledge, one of them has thus expreffed 


himfelf : 
Sounds which addrefS the ear are loft and die 
In one fhort hour, but thefe which ftrike the eye, 
Live long upon the mind, the faithful fight 
Engraves the knowledge with a beam of light. 

This perhaps may be reckoned the only improvement 
which plain geometry has received fince the days of Euclid, 
and if there were any geometers of note before that time, 
Euclid’s fuecefs has quite eclipfed their memory, and even 
occafioned all good things of that kind to be afligned to 
him; like AEfop among the writers of Fables. It may 
alfo be worthy of remark, as tangible diagrams afford the 
only medium through which geometry and other linear 
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arts and fciences can be taught to the blind, this vifible fys- 
tem is no lefs adapted to the exigencies of the deaf and 
dumb. 

Care mutt be taken to fhow that colour has nothing to 
do with the lines, angles, or magnitudes, except merely to 
name them. A mathematical line, which is length with- 
out breadth, cannot pofiefs colour, yet the junction of two 
colours on the fame plane gives a good idea of what is 
meant by a mathematical line; recollect we are {peaking 
familiarly, fuch a junction is to be underftood and not the 
colour, when we fay the black line, the red line or lines, &c. 

Colours and coloured diagrams may at firft appear a 
clumfy method to convey proper notions of the properties 
and parts of mathematical figures and magnitudes, how- 
ever they will be found to afford a means more refined and 
extenfive than any that has been hitherto propofed. 

We fhall here define a point, a line, and a furface, and 
demonftrate a propofition in order to fhow the truth of this 
affertion. 

A point is that which has pofition, but not magnitude ; 
or a point is pofition only, abftracted from the confideration 
of length, breadth, and thicknefs. Perhaps the follow- 
ing defcription is better calculated to explain the nature of 
a mathematical point to thofe who have not geauined the 
idea, than the above {pecious definition. 

Let three colours meet and cover a 
portion of the paper, where they meet 
is not blue, nor is it yellow, nor is it 
red, as it occupies no portion of the 
plane, for if it did, it would belong 
to the blue, the red, or the yellow 
part; yet it exifts, and has pofition 
without magnitude, fo that with a little reflection, this junc- 
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tion of three colours on a plane, gives a good idea of a 
mathematical point. 

A line is length without breadth. With the affiftance 
of colours, nearly in the fame manner as before, an idea of 
a line may be thus given :— 

Let two colours meet and cover a portion of the paper; 
where they meet is not red, nor is it 
blue; therefore the junction occu- 
pies no portion of the plane, and 
therefore it cannot have breadth, but 
only length: from which we can 
readily form an idea of what is meant by a mathematical 
line. For the purpofe of illuftration, one colour differing 
from the colour of the paper, or plane upon which it is 
drawn, would have been fufficient; hence in future, if we 
fay the red line, the blue line, or lines, &c. it is the junc- 
tions with the plane upon which they are drawn are to be 
underftood. 

Surface is that which has length and breadth without 
thicknefs. 


When we confider a folid body 
(PQ), we perceive at once that it 
has three dimenfions, namely :— 
length, breadth, and thickneds ; 

s fuppofe one part of this folid (PS) 
to be red, and the other part (QR) 
yellow, and that the colours be 
diftinét without commingling, the 
blue furface (RS) which feparates 
thefe parts, or which is the fame 

Q thing, that which divides the folid 
without lofs of material, muft be 


without thicknefs, and only pofleffes length and breadth ; 
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this plainly appears from reafoning, fimilar to that juft em- 
ployed in defining, or rather defcribing a point and a line. 

The propofition which we have fele¢ted to elucidate the 
manner in which the principles are applied, is the fifth of 
the firft Book. 


In an ifofceles triangle ABC, the 
internal angles at the bafe ABC, 
ACB are equal, and when the fides 
AB, AC are produced, the exter- 
nal angles at the bafe BCE, CBD 


are alfo equal. 


make 


and ee 


(B. 1. pr. 3.) 


be 


qe i 


Draw 


coment A common : 


ees = 2 a-& 


and y_’ —— 4 (B. I. prs .) 


Again in [Fo . P 
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nd P= @; 
We a 


and ~wW = OW oz... pr. 4). 
But te = a. 
_a-& 

Q. Esp 


By annexing Letters to the Diagram. 


Ler the equal fides AB and AC be produced through the 
extremities BC, of the third fide, and in the produced part 
BD of either, let any point D be affumed, and from the 
other let AE be ’eut off equal to AD (B. 1. pray) sais 
the points E and D, fo taken in the produced fides, be con- 
nected by ftraight lines DC and BE with the alternate ex- 
tremities of the third fide of the triangle. 

In the triangles DAC and EAB the fides DA and AC 
are refpectively equal to EA and AB, and the included 
angle A is common to both triangles. Hence (B. 1. pr. 4.) 
the line DC is equal to BE, the angle ADC to the angle 
AEB, and the angle ACD to the angle ABE 1faiom 
the equal lines AD and AE the equal fides AB and AC 
be taken, the remainders BD and CE will be equal. Hence 
in the triangles BDC and CEB, the fides BD and DC are 
refpectively equal to CE and EB, and the angles D and E 
included by thofe fides are alfo equal. Hence (B.1. pr. 4.) 
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the angles DBC and ECB, which are thofe included by 
the third fide BC and the productions of the equal fides 
AB and AC are equal. Alfo the angles DCB and EBC 
are equal if thofe equals be taken from the angles DCA 
and EBA before proved equal, the remainders, which are 
the angles ABC and ACB oppofite to the equal fides, will 
be equal. 
Therefore in an tfofceles triangle, &c. 
0. Ew. 


Our object in this place being to introduce the fyftem 
rather than to teach any particular fet of propofitions, we 
have therefore felected the foregoing out of the regular 
courfe. For fchools and other public places of inftruction, 
dyed chalks will anfwer to defcribe diagrams, &c. for private 
ufe coloured pencils will be found very convenient. 

We are happy to find that the Elements of Mathematics 
now forms a confiderable part of every found female edu- 
cation, therefore we call the attention of thofe interefted 
or engaged in the education of ladies to this very attractive 
mode of communicating knowledge, and to the fucceeding 
work for its future developement. 

We fhall for the prefent conclude by obferving, as the 
fenfes of fight and hearing can be fo forcibly and inftanta- 
neously addreffed alike with one thoufand as with one, the 
million might be taught geometry and other branches of 
mathematics with great eafe, this would advance the pur- 
pofe of education more than any thing that might be named, 
for it would teach the people how to think, and not what 
to think ; it is in this particular the great error of education 
originates. 
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THE ELEMENTS OF BUCLID: 
BOOK I. 


DEFINITIONS. 


Ib 
A point is that which has no parts. 


Ue 
A line is length without breadth. 


ny 


The extremities of a line are points. 


IV. 


A ftraight or right line is that which lies evenly between 


its extremities. 
V. 


A furface is that which has length and breadth only. 
Vil 
The extremities of a furface are lines. 
VIL. 


A plane furface is that which lies evenly between its ex- 
tremities. 

VIII. 

A plane angle is the inclination of two lines to one ano- 
ther, in a plane, which meet together, but are not in the 
fame direction. 

IX. 

A plane rectilinear angle is the inclina- 
tion of two ftraight lines to one another, 
which meet together, but are not in the 
fame ftraight line. 
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X. 


When one ftraight line ftanding on ano- 
ther ftraight line makes the adjacent angles 
equal, each of thefe angles is called a right 
angle, and each of thefe lines is faid to be 


perpendicular to the other. 


xOE 
An obtufe angle is an angle greater 
than a right angle. 


XII. 
An acute angle is an angle lefs than a 
right angle. 

XIIl. 


A term or boundary is the extremity of any thing. 


XIV. 
A figure is a furface enclofed on all fides by a line or lines. 


XV. 

A circle is a plane figure, bounded 
by one continued line, called its cir- 
cumference or periphery; and hay- 
ing a certain point within it, from 
which all ftraight lines drawn to its 
circumference are equal. 


XVI. 


This point (from which the equal lines are drawn) is 
called the centre of the circle. 
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XVII. 
A diameter of a circle isa ftraight line drawn 
through the centre, terminated both ways 
in the circumference. 


XVIII. 
[ \ A femicircle is the figure contained by the 
: : diameter, and the part of the circle cut off 


‘ by the diameter. 
“Sawwa ee?” 
— XIX. 
’ = A fegment of a circle is a figure contained 
: E by a ftraight line, and the part of the cir- 
%, ¢  cumference which it cuts off. 


XX. 
A figure contained by ftraight lines only, is called a reéti- 


linear figure. 
XXI. 


A triangle is a rectilinear figure included by three fides. 


XXII. 

A quadrilateral figure is one which is bounded 
by four fides. The ftraight lines ——— 
and ammmeses connecting the vertices of the 
oppofite angles of a quadrilateral figure, are 
called its diagonals. 


XXIII. 
A polygon is a rettilinear figure bounded by more than 


four fides. 


Ch Se ee 
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me 


SONIVE 
A triangle whofe three fides are equal, is 
faid to be equilateral. 
XXV. 
A triangle which has only two fides equal 
is called an ifofceles triangle. 


>>, 


XXVI. 


A fcalene triangle is one which has no two fides equal. 


XXVIII. 
A right angled triangle is that which 
has a right angle. 
XXVIII. 


An obtufe angled triangle is that which 
has an obtufe angle. 


Ni 


XXIX. 
An acute angled triangle is that which 


\ 


has three acute angles. 


XXX, 
Of four-fided figures, a {quare is that which 
has all its fides equal, and all its angles right 
angles. 
KOO, 
A rhombus is that which has all its fides 
equal, but its angles are not right angles. 


XXXII, 


An oblong is that which has all its 
angles right angles, but has not all its 


fides equal. 
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XXAXIII. 

A rhomboid is that which has its op- 
pofite fides equal to one another, 
but all its fides are not equal, nor its 


angles right angles. 
XXXIV. 


All other quadrilateral figures are called trapeziums. 
XXXV. 
Parallel ftraight lines are fuch as are in 


the fame plane, and which being pro- 
duced continually in both direétions, 


- 
would never meet. 


POS PULAT Es: 
I. 
Let it be granted that a ftraight line may be drawn from 
any one point to any other point. 
Il. 
Let it be granted that a finite ftraight line may be pro- 
duced to any length in a ftraight line. 
lil. 


Let it be granted that a circle may be defcribed with any 
centre at any diftance from that centre. 


AXIOMS. 
I. 


Magnitudes which are equal to the fame are equal to 


each other. 
Il. 


If equals be added to equals the fums will be equal. 
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ia: 
If equals be taken away from equals the remainders will 


be equal. 
7 IV. 


If equals be added to unequals the fums will be un- 


equal. 
- V. 


If equals be taken away from unequals the remainders 


will be unequal. 
VI. 


The doubles of the fame or equal magnitudes are equal. 


VII. 
The halves of the fame or equal magnitudes are equal. 


VIII. 
Magnitudes which coincide with one another, or exa¢tly 
fill the fame fpace, are equal. 


IX. 
The whole is greater than its part. 


ae, 
Two ftraight lines cannot include a fpace. 


de 
All right angles are equal. 


XII. 


If two ftraight lines ( ) meet a third 
{traight line (: ) fo as to make the two interior 


angles w and 2) on the fame fide lefs than 
two right angles, thefe two ftraight lines will meet if 
they be produced on that fide on which the angles 


are lefs than two right angles. 
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The twelfth axiom may be exprefied in any of the fol- 
lowing ways: 

1. Two diverging ftraight lines cannot be both parallel 
to the fame ftraight line. 

2. If a flraight line interfec&t one of the two parallel 
ftraight lines it muft alfo interfect the other. 

3. Only one ftraight line can be drawn through a given 
point, parallel to a given ftraight line. 

Geometry has for its principal objects the expofition and 
explanation of the properties of figure, and figure is defined 
to be the relation which fubfifts between the boundaries of 
fpace. Space or magnitude is of three kinds, near, /uper- 
ficial, and folid. 

Angles might properly be confideree as a fourth fpecies 
of magnitude. Angular magnitude evidently confifts of 
parts, and muft therefore be admitted to be a {pecies of 
quantity The ftudent muft not fuppofe that the magni- 

a tude of an angle is affected by the length 
of the ftraight lines which include it, and 
of whofe mutual divergence it is the mea- 
fure. The vertex of an angle is the point 
where the fides or the /egs of the angle 
meet, as A. 

An angle is often defignated by a fingle letter when its 
legs are the only lines which meet to- 
gether at its vertex. Thus the red and 
blue lines form the yellow angle, which 
in other fyftems would be called the 
angle A. But when more than two 
lines meet in the fame point, it was ne- 
ceflary by former methods, in order to 
avoid confufion, to employ three letters 
to defignate an angle about that point, 


es i 
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the letter which marked the vertex of the angle being 
always placed in the middle. Thus the black and red lines 
meeting together at C, form the blue angle, and has been 
ufually denominated the angle FCD or DCF The lines 
FC and CD are the legs of the angle; the point C is its 
vertex. In like manner the black angle would be defignated 
the angle DCB or BCD. The red and blue angles added 
together, or the angle HCF added to FCD, make the angle 
HCD;; and fo of other angles. 

When the legs of an angle are produced or prolonged 
beyond its vertex, the angles made by them on both fides 
of the vertex are faid to be vertically oppofite to each other: 
Thus the red and yellow angles are faid to be vertically 
oppofite angles. 

Superpofition is the procefs by which one magnitude may 
be conceived to be placed upon another, fo as exactly to 
cover it, or fo that every part of each fhall exactly coin- 
cide. 

A line is faid to be produced, when it is extended, pro- 
longed, or has its length increafed, and the increafe of 
length which it receives is called its produced part, or its 
production. 

The entire length of the line or lines which enclofe a 
figure, is called its perimeter. The firft fix books of Euclid 
treat of plain figures only. A line drawn from the centre 
of a circle to-its circumference, is called a radius. The 
lines which include a figure are called its fides. That fide 
of a right angled triangle, which is oppofite to the right 
angle, is called the hypotenufe. An oblong is defined in the 
fecond book, and called a rectangle. All the lines which 
are confidered in the firft fix books of the Elements are 
fuppofed to be in the fame plane. 

The firaight-edge and compaffes are the only inftruments, 


c 
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the ufe of which is permitted in Euclid, or plain Geometry. 
To declare this reftriation is the object of the po/fulates. 

The Axioms of geometry are certain general propofitions, 
the truth of which is taken to be felf-evident and incapable 
of being eftablifhed by demonftration. 

Propofitions are thofe refults which are obtained in geo- 
metry by a procefs of reafoning. There are two f{pecies of 
propofitions in geometry, problems and theorems. 

A Problem is a propofition in which fomething is pro- 
pofed to be done; asa line to be drawn under fome given 
conditions, a circle to be defcribed, fome figure to be con- 
ftructed, &c. 

The /olution of the problem confifts in fhowing how the 
thing required may be done by the aid of the rule or ftraight- 
edge and compaffes. 

The demonftration confifts in proving that the procefs in- 
dicated in the folution really attains the required end. 

A Theorem is a propofition in which the truth of fome 
principle is afferted. This principle muft be deduced from 
the axioms and definitions, or other truths previously and 
independently eftablifhed. To fhow this is the object of 
demonttration. 

A Problem is analogous to a poftulate. 

A Theorem refembles an axiom. 

A Poftulate isa problem, the folution of which is affumed. 

An Axiom is a theorem, the truth of which is granted 
without demonftration. 

A Corollary is an inference deduced immediately from a 
propofition. 

A Scholium is a note or obfervation on a propofition not 
containing an inference of fufficient importance to entitle it 
to the name of a corollary. 

A Lemma is a propofition merely introduced for the pur- 
pote of eftablifhing fome more important propofition. 


XXVII 


SYMBOLS AND ABBREVIATIONS. 


. exprefles the word therefore. 

5 ar becaufe. 

= . eee equal. This fign of equality may 

be read equal to, or is equal to, or are equal to; but 
any difcrepancy in regard to the introduction of the 
auxiliary verbs 7s, are, &c. cannot affect the geometri- 
cal rigour. 

= means the fame as if the words ‘ not equal’ were written. 

CC fignifies greater than. 

See... /e/s than. 

. not greater than. 

. not lefs than. 

is read plus (more), the fign of addition ; when interpofed 

between two or more magnitudes, fignifies their fum. 

— is read minus (/efs), fignifies fubtraction; and when 

placed between two quantities denotes that the latter 
is to be taken from the former. 

X this fign expreffes the product of two or more numbers 
when placed between them in arithmetic and algebra ; 
but in geometry it is generally ufed to exprefs a reét- 
angle, when placed between ‘two ftraight lines which 
contain one of its right angles.” A recfangle may alfo 
be reprefented by placing a point between two of its 
conterminous fides. 

23 3 exprefles an analogy or proportion ; thus, if A, B, C 

and D, reprefent four magnitudes, and A has to 
B the fame ratio that C has to D, the propofition 
is thus briefly written, 


+4 FLU 


pee. © 
pe D 


This equality or famenefs of ratio is read, 


xxviul SYMBOLS AND ABBREVIATIONS. 


as Avisito B, fois © toe Ds: 
or A is to B, as C is to D. 
| ae parallel to. 
. perpendicular to. 


angle. 


a eee 

= . . right angle. 
CIN two right angles, 

VAN or N briefly defignates a port. 


(-, =, or Z fignifies greater, equal, or lefs than. 
The, {quare defcribed on a line is concifely written thus, 


In the fame manner twice the fquare of, is exprefled by 


2. 2 


def. fignifies definition. 


pos. ... . pafiulaze. 
ax. ... . @xiom. 
hiya Saks hypothefis. It may be neceflary here to re- 


mark, that the Aypothefs is the condition affumed or 
taken for granted. Thus, the hypothefis of the pro- 
pofition given in the Introduction, is that the triangle 
is ifofceles, or that its legs are equal. 

EGIL, = ee confiruction. The conftruction is the change 
made in the original figure, by drawing lines, making 
angles, defcribing circles, &c. in order to adapt it to 
the argument of the demonftration or the folution of 
the problem. The conditions under which thefe 
changes are made, are as indisputable as thofe con- 
tained in the hypothefis. For inftance, if we make 
an angle equal to a given angle, thefe two angles are 
equal by conftruction. 

Qua ene Quod erat demonfirandum. 

Which was to be demonftrated. 


—- 


 — 


CORRIGEND A. XXIX 


Faults to be correéled before reading this Volume. 


Pace 13, line 9, for def. 7 read def. 10. 
45, laft line, for pr. 19 read pr. 29. 
54, line 4 from the bottom, for black and red line read blue 
and red line. 
$9, line 4, for add black line fquared read add blue line 
{quared. 
60, line 17, for red line multiplied by red and yellow line 
read red line multiplied by red, blue, and yellow line. 
pommine 11, jor det. 7 read def. 10. 
81, line 10, for take black line read take blue line. 
105, line 11, for yellow black angle add blue angle equal red 
angle read yellow black angle add blue angle add red 


angle. 
129, laft line, for circle read triangle. 
141, line 1, for Draw black line read Draw blue line. 


196, line 3, before the yellow magnitude infert M. 


Be ie oe ae 


Euclid. 


BOOK I. 
PROPOSITION I. PROBLEM. 


: 3 N a= given finite 
1G fraight line (— 
B| to defcribe an equila- 


teral triangle. 


Defcribe and 


(poftulate 3.); draw same= and == (poft. 1.). 


then will A be equilateral. 


For =— = === (defi 15.); 
and ——_—_m <= === (def. 15.), 


oe eee SS = (axiom. I.); 


and therefore / \ is the equilateral triangle required. 
Ook: 


2 BOOK I. PROP. IT. PROB 


Gere ROM a given point (—— ), 
Eee] £2 draw a fraight line equal 
WPA) fo a given finite fraight 

ae /ine ( ‘ 


Draw sssssse0e - (poft. 1.), defcribe 
os (pr. 1.), produce =———= (poft. 


2.), deleribe C) (poft. 3.), and 


(poft. 3.); produce =——-=== (poft. 2.), then 


comme js the line required. 


For ce em (def. 15.), 
and = = (conft.), °. = 
(ax. 3.) bueidenmsc)) = ——— oO 5 


2. ewes drawn from the given point (———=— ), 


is equal the given line 


QO. Eo 


meow. -P ker. 11s. PROB. 


ay ROM fhe greater 
sune ) of 


g| fwo given ftraight 


lines, to cut off a part equal to 


the lef: (———mi, 


Daw wee (piey 22); -defcribe 


(pott. 3 .), then ——m =, 


4 BOOK 7. PROPIYY. “TieGas 


eee EF two triangles 
: p have two fides 
ee of the one 
refpectively 
equal to two fides of the 


other, ( —— [0 =< 


and mmm {0 mmm \ and 


the angles ( A and A ) 


contained by thofe equal 
Jides alfo equal; then their bafes or their fides (——_ and 


wm) are alfo equal: and the remaining and their remain- 


ing angles oppofite to equal fides are refpectively equal 


D> = and = : and the triangles are 
( § 


equal in every refpedt. 


Let the two triangles be conceived, to be fo placed, that 


the vertex of the one of the equal angles, A or A : 


fhall fall upon that of the other, and --—————= to coincide 


with 


, then will ——a- coincide with wom ifap- 


will coincide with : 


plied: confequently 


or two ftraight lines will enclofe a {pace, which is an 


(ax. 10), therefore ————_—_ <= 


and p= 4. and as the triangles uf o: 


coincide, when applied, they are equal in every refpect. 
Q. E. DE 


BOOK I. PROP. V. THEOR. fs 


HIN any ifofceles triangle 
/* if the equal fides 


Pietitieeedl| Je produced, the external 
ras at the bafe are equal, and the 
internal angles at the bafe are alfo 


equal. 
Produce ————, and 
: (pelt. 22); take 
= a 3+)3 


draw eww and seen 
Then in dD » A we have, 


queens eee (contft.), > to 


both, and == == == (hyp.) .°. Aa = he 9 
-——— and = Q | (pr. 4.). 


— "Fa < : we have se __ Sse ° 


Dp = eq 1 — =—-. es 
[¥=V\un = WW (pr. 4.) but 


4-6 -a-a~ 


QUE, D: 


6 BOOK 1. PROP. Vi. “Tiger 


C= ca N any triangle ( / \ ) if 
XY ¥) J two angles ( y and A 


— are equal, the fides (—2om. 


ONG mms ) oppoftte to them are alfo 


equal 6 


For if the fides be not equal, let one 


of therm =mumamesaa be greater than the 


other sarees, and from it cut off 
—EEeee So ee (pr. 2 draw 


Then in L and / ~~ =_———, 
(conft.) A = A (hyp.) and ——-__- common, 


.°. the triangles are equal (pr. 4.) a part equal to the whole, 
which is abfurd; ,*, neither of the fides —m-«—<sam» Or 


wwemmeeeee is greater than the other, .*, hence they are 


equal 


Q. END. 


LOOK r PROP. Al. THEOR. 54 


BIN the fame bafe ( ), and on 
WI the fame fide of it there cannot be two 
Dp: triangles having their conterminous 
Hl fides ( 


res 7] emo) at both extremities of 


and A 


the baje, equal to each other. 


When two triangles ftand on the fame bafe, 
and on the fame fide of it, the vertex of the one 
fhall either fall outfide of the other triangle, or 


within it; or, laftly, on one of its fides. 


If it be poffible let the two triangles be con- 


= ae 


ftructed fo that | i then 


= 


draw —«==== and, 


> —= (erage) 


which is abfurd, 


therefore the two triangles cannot have their conterminous 
fides equal at both extremities of the bafe. 
@ cE. aD: 


8 BOOK 1. PROPOVIT = SraEOR. 


hang two triangles 
» Sy y have two fides 
\Exd| of the one refpec- 
ee tively equal to 
two fides of the other 
( = 
and 
and alfo their bales —— 
= ween), equal; then the 


angles << and a) 


contained by their equal fides 


are alfo equal. 


= —_—), 


If the equal bafes ——me and sme be conceived 
to be placed one upon the other, fo that the triangles fhall 
lie at the fame fide of them, and that the equal fides 


and be con- 


ees ial 


9 


terminous, the vertex of the one mutt fall on the vertex 
of the other; for to fuppofe them not coincident would 


contradict the laft propofition. 


Therefore the fides Siocemmes aNGN Bein grea 


cident with ol and ess 


BOOK I. PROPwAX. PROB. 9 


=. O bifeét a given rectilinear 


E| angle ( 4 ). 


Se (pr. 3.) 


Take 


draw ————=, upon which 


defcribe V (ouet.), 


draw —————— 


Becanle ——— = SS (conft.) 
and —<——<—««= common to the two triangles 


and = ET ee (conft.), 


os y = b (pr. 8.) 


Q.E.D. 


10 BOOK I. PROP! X*® PROM 


O bifedt a given finite ftraight 


line (——cmscaaen Ie 


seesusvaes ea eesees Conftruct /\ (OE. I.)5 
, making q- a pr. ont 


Then _:, <= scons by (pr. 4.) 


(conft.) q- nN 


and === common to the two triangles. 


draw 


=== — 


Therefore the given line is bifected. 


Q.EAD 


BOOK [PROP XI. PROB. II 


ROM a given 
‘ point => 
Hl in a given 
| ftraight — line 
), to draw 


( 


a perpendicular. 


Take any point («mmsee= ) in the given line, 


cut off (pre 3-), 


ae (Pie); 


draw <==ce= and it fhall be perpendicular to 


the given line. 


For (conft.) 


—— — (contt.) 


and -==<===== common to the two triangles. 


Therefore a - » (pr...) 


-L = (def. 10.). 
Q.E.D. 


ke BOOK I. PROP. MIT PRE: 


mee) O draw a 
RR fraight line 

A a perpendicular 

Gm) xo a given 

© indefinite firaight line 
) from a given 


(point JIN) without. 


SS ( 


With the given point AN as centre, at one fide of the 


line, and any diftance 


capable of extending to 


the other fide, defcribe Ne 27 ; 


Make = ee (pr. 10.) 
draw oe and 
then L—_——_. , 

For (pr. 8.) fince —m (contft.) 


———_ <= common to both, 


and meee SS ees | (CCI a) 


oe im -~ ) and 


Oe ral — (def. TO) 


ro), 1) 1D) 


BOOM! BROPeXHT. THEOR. ig 


MeMGIHEN a ftraight line 
( ) ftanding 
E| upon another ftraight 
fine ( ) 
makes angles with it; they are 
either two right angles or together 
equal to two right angles. 


iif EEE be ely tO  seneeeess then, 


ey WARY 


But if —_——_—== be not _L to ——, 


4.h- 4, VM. 
-@ .m-CL 


14 BOOK I. PROP. O87. THBOR. 


mE two fraight lines 


meeting athird fraight 


=| ine (—__<), at the 


— point, and at oppofite fides of 


it, make with it adjacent angles 


Y f and A equal to 


two right angles; thefe ftraight 


lines lie in one continuous ftraight 


line. 


For, if poffible let ————, and not ————= , 


be the continuation Of mmamcsemes 


1 MF. &- 


but by the hypothefis @ .. A = ARS 
“a A. (ax. 3.); which is abfurd (ax. 9.). 


, and 


———, is not the continuation of 


the like may be demonftrated of any other et line 


except ———eme, .°, is the continuation 


OQ, BaD 


weemd]. PROP XY. THEOR. 15 


|F two right lines ( 
J) and ———=) inter/ect one 


| another, the vertical an- 


gles > and 4 i 


are equal, 


a Y, 


In the fame manner it may be fhown that 


e-e 


One. D. 


16 BOOK I. PROP. XP7. “THHEGR. 


i Lon 3: gle (cs ) 
is produced, the external 


ang le ( s5nan ) 1s 
greater than either of the 
internal remote angles 


7 \ or y 


Make = ------ (pro tea). 


and produce it until 


anaeae 5 draw EES 
? 
4 


In 2S and a 3 mmm SW FF eases 
(conft. pr. 15.), 2" V = A (pr. 4.), 
W-Ss. 


In like manner it can be fhown, that if —_s.= 


be preduced, \ e A. and therefore 
V\ which is = \Y is A. 


Oo. EVD! 


and mane SS “h2nae¢e00 


BOOK. PROP. XI. THEOR: 17, 


SE NY two angles of a tri- 


angle L\ are to- 


gether lefs than two right angles. 


Produce —_, then will 


4. -Ch 


But & | y (jens 1g) 
ae A + A =) Om 


and in the fame manner it may be fhown that any other 
two angles of the triangle taken together are lefs than two 


right angles. 
(Qe De IDE 


18 BOOK I. PROP. XVITT THOR. 


if one Side 6106 0 arm be 


5 eee than another 


: » the angle op- 
af te to the greater fi ii de ts greater 
than the angle oppofite to the lefs. 


ie Be &, = y 
= wwe (pr. 3.), draw =. 


Then will A = A (pr. 5.)3 
but A = y (pre ros 
A as, y and much more 


“Ac®. 


Make 


BOOK I. PROP. X¥X. THEOR. 19 


g\F in any triangle INN 


w 5 =, one angle A be greater 
than another rN the fide 


mcmcmnmes Which 1s oppofite to the greater 


angle, is greater than the fide ——_mm= 


oppofite the les. 


If ammmeee be not greater than ——— then mutt 


Se Se = OF 7] 


eee eed —_——_ then 


a: & «s 


which is contrary to the hypothefis. 


is not lefs than ====——=; for if it were, 


A = a& (pr. 18.) 


which is contrary to the hypothefis: 


oe ( , 


Q. E. D.. 


20 BOOK I. PROPMEX. THROR. 


sENY two fideo ——_— 


nd co of a 


=) triangle Z \ 


taken together are greater than the 


third fide (——__—) 


a 


Produce --—memee, and 
make wawenEs = GSaaeme (pr. a5 


draw See | 


Then becaufe ~=----- (conft.), 
q . ss (pr. 5.) 
a - 4 (ax. 9.) 

e <accc= (lee (pr. 19.) 


Q.E.D 


na.) ES aa 


BOOK I. PROPM AX’. THEOR. 21 


(as... ), thefe lines muft be toge- 
ther lefs than the other two fides, but 
muft contain a greater angle. 


AVUSUTE sen SP SEKETSTUTSRDESR IS REHHSLERORARARER ESCH BERR R ES 


Produce —— , 
mf me LO eee (pr. 20.), 
add @umenento cael, 
cee feces CO eames oe eee (aX. 4.) 
In the fame manner it may be fhown that 
nt ++ Po co Cc + <a 


a ee 


which was to be proved. 


Again 4 oe é, (areer0.), 
and alfo > = 4 (aren6.); 
._@-4 


QBESD, 


22 BOOK I. PROP. XX. THEO. 


SBIVEN three right 


whee) the Jum of any 
£9 greater than 

the third, to conftruét a tri- 
angle whofe fides fhall be re- 
Spectively equal to the given 


lines. 


Affume — sseneseeee (pr. 3.)- 


Draw some <= <eeeene 
e (proza. 


eyae) Sr 


With == and aasam. as radii, 


defcribe CG) (poft. 3.) 


draw =aazee.--- ny 


then will Rs ‘be the triangle required. 


For o_O eee 


BOOT. PROP. II. PROB. 23 


ST a given point (ux) ma 


given firaight line (—__—ruas-), 


Draw ————— between any two points 


in the legs of the given angle. 


Conftruct (izes). 


fo that =O en ES ae 


Then = a (p:.8). 


@), Bo Jy 


24 BOOK I. BROP. a). THOR. 


emma two triangles 
(< if | have two fides of 

ON) Vera] the one re/pec- 

Le tively equal to 

two i des of the other (—— 

10 ———— 1d “sSeees 


to ————_ ), and 7 a 


ee the angles (SS aa ) contain- 
ed by the equal ” des be 


greater than the other ma the fid?( —) which 1s 
oppofite to the greater angle is greater than the fide (—_—— ) 
which is oppofite to the lefs angle. 


Make /\ = /\ (pie sa) 
and = as 


eee (pr. au 
draw ccacmecwon QQ =aaeneme 
Becaufe ————_eee  seweenen (ax. ie — cont.) 


PE = susesusase (pr. 19.) 
but ssscsssses <= ———— (pr. 4.) 


13) 1B. 


BOOK I. PROP. XXV. THEOR. 


gmaqjF two triangles 
have two fides 
| (————— and 
relied) <———————) of the 
one Meee ively equal to two 
fides ( and ) 
of the other, but their bafes 
unequal, the angle fubtended 
by the greater bafe (——-=) 
of the one, muft be greater 
than the angle fubtended by 


the lefs bafe (===) of the other. 


A | ‘ is not equal to A 


for y = A then 


which is contrary to the hypothefis ; 


A is not lefs than A 


for hf 


then —— J 


which is alfo contrary to the Ma. : 


[ 


26 BOOK [. “PROP. XXVT. THOR. 


Case I. 


eRe EF two triangles 

Wy) have two angles 

é q of the one re- 
eee Speétively equal 
to two angles of the other, 


( y = y and 
Case II. 4a = Bente pa 


of the one equal to a fide of 
the other fimilarly placed 
with refpect to the equal 
angles, the remaining fides 
and angles are refpeétively 
equal to one another. 


CASE I. 
which lie between 


Let —eew om and 
the equal angles be equal, 


then 


For if it be poffible, let one of them ames» be 
greater than the other ; 


make emmemmm  Seee, dTAW eee, 


In VA and St we have 
— - —_ _ ---2—_ —_ 


BOO’ I. PROP. XXXVI. THHOR. 27 


m A= Bo 
and therefore A - a. which is abfurd ; 


hence neither of the fides ——_emman and <memest js 
greater than the other; and .*, they are equal; 


Es, 


CASE II. 


Again, let —___- = » which lie oppofite 


the equal angles A and A. If it be poffible, let 


Oe LEE [= ————— 7 then take moe 


draw ae 


Then in iN and /\ we have ———= => =, 


a ST 
“. A = A (pr. 4.) 
but a = A (hyp.) 

‘ A = rN which is abfurd (pr. 16.). 


OF Saanemneaas 1S 


Confequently, neither of the fides 
greater than the other, hence they muft be equal. It 
follows (by pr. 4.) that the triangles are equal in all 
refpects. 


Oued, 


28 BOOK I. PROP. XXVH. THBOR. 


gee Ea flraight line 


AY] (mn) 771¢0¢- 


hi y) ing two other 
ti) firaight — lines, 


) makes 


(raeac= and 
with them the alternate 


angles a nd OO: 
» and vis ) equal, thefe two firaight lines 


are parallel, 


If mmm be not parallel to —————_—_— they fhall meet 


when produced. 
If it be poffible, let thofe lines be not parallel, but meet 
when produced; then the external angle VW is greater 


than a. (pr. 16), but they are alfo equal (hyp.), which 
is abfurd : in the fame manner it may be fhown that they 


cannot meet on the other fide; .*, they are parallel. 


Q, E. D. 


"BOOT. PROP. XXVIII. THEOR. 29 


a) F a fraight line 


si ting two other 
i frraight lines 
— and ae) ; 
makes the external equal to 
the internal and oppofite 
angle, at the fame fide of 
the cutting line (namely, 


4-4. 
ee = LY or if it makes the two internal angles 
at the fame fide 1 and 1 J ne A ni 


together equal to two right angles, thofe two firaight lines 
are parallel. 


Fir, AA - = .. then r _V... 15.)s 
A= va. . pam (pr. 27.). 
Secondly, if A 4- a- NS, 
> a eee 
S A + = GU. Vv (ax. 3.) 
.4-V 


(Se (pr227:) 


@mE 1D: 


30 BOOK I. PROP. XOX, THBOR 


ey STRAIGHT dune 
ya) ( ) falling on 
VEEN r00 parallel ftraight 


) fines (—cmmniome 272 


), makes the alternate 
angles equal to one another ; and 
alfo the external equal to the in- 
ternal and oppofite angle on the 
fame fide; and the two internal 
angles on the fame fide together 


equal to two right angles. 


For if the alternate ingles and A be not equal, 
re, fe he ca 


Therefore ommemconan {| (pr. 27.) and there- 
fore two ftraight lines which interfect are parallel to the 
fame ftraight line, which is impoffible (ax. 12). 


Hence the alternate angles ar and A are not 
unequal, that is, they are equal: . = A (Pests); 


Ae = , the external angle equal to the inter- 


draw 


nal and oppofite on the fame fide: if be added to 


both, nen A+ 
Oth the f J 7 aan 


That is to fay, the two internal angles at the fame fide of 


the cutting line are equal to two right angles. 


O-E.D 


GbO@K 1 PROP. SOX. THEOR. 31 


TRAIGHT Jines(———") 


which are parallel to the 
pak iy, Same firaight line (==), 


are parallel to one another. 


SS 
Let interfect | i $ 


Then, & = A = A pr. 29.), 
a. 


S|] ——= (pr. 27.) 


Q. E. D. 


22 BOOK I. PROP. Pe 


feed ROM a given 


point Ti to 


§) drawa frraight 


line parallel to a given 


Srraight line ( ye 


from the point Wr any point J__ 


in : 
make = A (pr. 24a 


then ———---- || ——— (pr. 27.). 


Draw 


12, ID). 


BOOK I. PROP. XXXII. THEOR. 33 


ee! ony fide ( ) 
AP) of @ triangle be pro- 


y duced, the external 


angle ( 


) as equal 


to the fum of the two internal and 


oppofite angles ( y and A » 


and the three internal angles of 
every triangle taken together are 
equal to two right angles. 


Through the point 7x draw 
= ae 


Then My (pF..29.), 


-V 
. A+ A =Qo 


and therefore 


a+ @f 7 ALS 


(pr. 13.) 


Onl 


34 BOOK I. PROP. XXOGTI. THOR. 


BLE and ————) which join 
| the adjacent extremities of 
ma8) two egualand parallel fraight 
lines (—mmm—— and snez maaan ), ae 


themfelves equal and parallel. 


ZOSTRPRRGeseRReaReRS 


Draw the diagonal. 


= sveseeecen (hyp.) 


Vv = A (pr. 29-) 


and —___— Common to the two triangles ; 


, ni = A (pr. 4.) 


andy || = (pr. 27.). 


QO. E. D. 


BOOMs. PROP. OU). THEOR. 25 


<< . EHE oppofite fides and angles of 
(ie Rae a| any parallelogram are equal, 


Seg) and the diagonal (—_-) 


divides it into two equal parts. 


jth i 
b - pr: 26: 


and ——__ common to the two triangles. 
( 2 — Seu ana aeen 


— = 


Therefore the oppofite fides and angles of the parallelo- 


gram are equal: and as the triangles IN and n/ 


are equal in every refpect (pr. 4,), the diagonal divides 


the parallelogram into two equal parts. 


Q. E. D. 


36 BOOK I. PROP. XY. THHOR: 


a ‘ ARALLELOGRAMS 
ae % Ag) on the fame bafe, and 
By ‘Sc /, between the fame paral- 


se lels, are (22 area) equal, 


On account of the parallels, 


\ 
\ ie 


and TS 


minus 


i w a 


BOC et, PROPRXMYT, THEOR. ar. 


$4 A RALLELO- 


GRAMS 


( and g ) on 


equal bafes, and between the 


fame parallels, are equal. 


Draw ——— and -_— mm te om 9 


—— ee, by (pr. 34, and hyp.) ; 


—— —_— and I =} 


= and || srs=ss== (pr. 33-) 


And therefore is a parallelogram : 


but | = 4 - a. 5.) 
we a = 4 (ape: 1). 
Q 


ilo BP 


38 BOOK I. PROP. XXNVUT. THOR. 


on the fame bafe ———) 
and between the fame paral- 


lels are equal, 


ee || ee | (pris) 


“agate I] —— | 


Produce ----------------- 


A. w A are parallelograms 


on the fame bafe, and between the fame parallels, 


and therefore equal. (pr. 35.) 


twice Al 
twice ri 


Ww) 


(pr. 34-) 


BOOK I. PROP. XXXVIII. THEOR. 39 


IRIANGLES 


r 4 
7 a 
| 


equal bafes and between™** 


the fame parallels are equal. 


40 BOOK. PROP. XAGUIX. THOR. 


“Er SS JQUAL triangles ~~ 


= and on the fame bafe 
(es) 2111! on the fame fide of it, are 
between the fame parallels, 


If meme , which joins the vertices 
of the triangles, be not || ——_, 


daw———— || ———— (pr. 31.), 


mecting -====<== P 
Draw - 
Becaule (contt.) 
Va _ A (i 37.) 
but Ye - A. (hyp.) s 


3 A =— 4 , 4 part equal to the whole, 


which is abfurd. 
i: | rel and in the fame 


manner it can be demonftrated, that no other line except 


———— ss 1S II : one =e {| 


@) 55 1D 


BOOK I. PROPUXAL. THEOR. 4I 


SV QUAL trian 
\ : gles 


be NX 


aes, ) 
on equal bafes, and on the 
Jame fide, are between the 
fame parallels. 2 


If mmm which joins the vertices of triangles 


be not || = 


draw coe || ee enn ene (pr. 31.), 
Meeting sssa== wee, 
Draw F 

Becaufe [| ee wee (cont) 


A = \ but A = » 
oe » = \ a part equal to the whole, 


- which is abfurd.. 


: and in the fame manner it 


oo ff 


can be demonftrated, that no other line except 


ORESD. 


42 BOOK I. PROPSESEIl. THEOR. 


and a triangle 
the fame bafe and between 
the fame parallels ——==a== and 
, the parallelogram ts double 
the triangle. 


are upon 


Draw the diagonal ; 


Then AN = d (pr. 37-) 
yy = twice AN (pr. 34°) 
Ao . = twice y | 


=O. ED: 


BOOK I. PROP. XLII. THEOR. 43 


+ 


O conftruét a 
parallelogram 


equal to a given 


triangle AM. hav- 


ing an angle equal to a given 


rectilinear angle i. A 


Make 


= sesnem (pr. 10.) 


Draw 


Make A = A (pre 29) 


Draw v2 I ae) (pr. 31.) 


.Y Se tvice A (pr. 41.) 
but A es A (pr. 38.) 


OFE. LD. 


Pe BOOK I. PROP. XLIII. THEOR. 


‘ HE complements 


me. oe, 


the parallelograms which are about 
the diagonal of a parallelogram are 
equal. 


(pr- 34:) 


: 
ah. 
U. 


yv.. 
W 
i - 


(a a.) 
Q. E. D. 


B@OK I. WROPRALIY. PROB. 45 


BHO 2 given 
5 frraight — line 
NA) (———) 20 ap- 
io ply a parallelo- 


gram equal to a given tri- 


angle ( ), and 


having an angle equal to 
a A rectilinear angle 


a “7. v .. A-A 


(pr. 42.) 
and having one of its fides ===/|©-<*. conterminous 


with and in continuation Of —__msssmu , 


Produce —_79J.<. till it meets 


{| - D> a Re 
draw nee produce it tillit meets = ==|—<» continued ; 
draw Reo I| Uti meeting ee 


produced, and produce -ssmssss=, 


if = jy f (pr. 43.) 
but BF . “ (conft.) 


A = V- A- = A. 1g. and contt.) 


Q. E. D. 


46 BOOK I. PROPPALY. PROE: 


RO conftruct a parallelogram equal 
RE fo a given reétilinear figure 


( ) and having an 


angle equal to a grtven reétilinear angle 
(Mf, 


Draw 
the rectilinear figure into triangles. 


conta Mf = Mm 
ee a 
a 4 
having r | = @ (pr. 44.) 

. ni 
having @ - = e (pre 44.) 


i - a 


a £9 is a parallelogram. (prs. 29, 14, 30.) 


having, A = lf 


and iE! dividing: 


Q. E. D. 


BOOK J. PROP. LVI. PROB. 47 


MAIPON a given firaight line 
) to conftruct a 


Jtoand = eae 


(Dry IIeanades.) 
II 


ing amemmeses drawn {| a , 


Draw 


Draw , and meet- 


(conft.) 


ls = a right angle (conft.) 
r 4_h- (2 viehteanele (pr. 29.), 


and the remaining fides and angles mutt 


be equal, (pr. 34.) 


{ 
and ‘se, is a {quare. (def. 27.) 
OWE. LD). 


48 BOOK I. PROP. XEVIT. THOR. 


= JN a right angled triangle 


; yee / “SS the Square on the 


: hypotenufe ——————=_ 15 equal to 
the fum of the fquares of the fides, (—-nms 


and ———e), 


On oe meme 20 oS 


defcribe fquares, (pr. 46.) 


Draw ecuusacaae i ams eee (pr. 2915) 


alfo draw ———__<— 27d —__sm | 


To each add 2m . «. rs 


NSD 


Again, becaufe es |] messses 


BOOK I. PROP. XVII. THEOR. 49 


In the {ame manner it may be fhown 
that a = : 


hence 


H 


50 BOOK I. PROP. XMEVIIT. THBOR. 


Reece: the square 

VS ae 
* ef 
Beil triangle is 
equal to the fquares of the 
ee £100 fides (mmernemmene 


), the angle 


“a \ fubtended by that 


; de is a right angle. 


Draw PII) Al ee and SE (prs.1 Teg) 


and draw eeexnase= alfo. 


Since sseessse= = (conft.) 
es as oS Os et oe 2 _— 3 


° ae 4. ee) 2 ot a 


but same cs” + womens eee ee? (pr. 47 ays 


o 


SF serene? nn (hyp) 


and <3 wo = (pr. 8.), 
confequently ie is a right angle. 


PARASOL 
eee eee Os 


BOOK II. 


DEFINITION I. 


a] RECTANGLE or a 
right angled parallelo- 


é Basi] gram is {aid to be con- 
tained by any two of its adjacent 


or conterminous fides. 


Thus: the right angled parallelogram es, is faid to 


be contained by the fides ———emeee and qomcemens § 


or it may be briefly defignated by 


If the adjacent fides are equal; i.c. ——_—__ <= 


— ° 


then 


which is the expreffion 


for the rectangle under —_—_- and 


is a f{quare, and 


ee @¢ oO  tsiCOOOSTF — 


2 


aw el (te 


is equal to 1 


52 BOOK II. DEFINITIONS. 


DEP INMRIG Ne: 


= 
te 


Ss a N a_ parallelogram, 
Bel (4 the figure compofed 


28 of one ot the paral- 
lelograms about the diagonal, 
together with the two comple- 


ments, ts called a Gnomon. 


Thus 


called Gnomons. 


BOOK Il. PROP. I. PROB. 53 


RHE reétangle contained 


by two ftraight lines, 
one of which is divided 


= into any number of parts, 


ts equal to the fum of the rectangles - : ; 
contained by the undivided line, and the are PR of the 
divided line. 


Lo and SS we (prs. 2. 3. B.1.)5 
complete the parallelograms, that is to fay, 


Draw 


54 BOOK TI. PROP. II. THOR. 


ee a ftraight line be divided 
oF » into any two parts —nmom—, 
EA! the Square of the whole line 
Dovel) j 5 equal to the fum of the 
Daincih contained by the whole line and 
each of its parts. 


Defcribe a (B. 1. pre ace) 


parallel to s==xe—= (B.1. pr. 31 ) 


Draw 


BOOK II. PROP. III. THEOR. 55 


mE a firaight line be di- 
vided into any two parts 
wmmmmnnnn . the rectangle 
Beers) contained yy the whole 
7 F2 either of its parts, 1s equal to 
the fquare of that part, together with 
the reCtangle under the parts. 


Defcribe fe (pee 420, BT.) 
Complete - (PE seater i 


— a. 7 = Dut 
| = oo ee = and 


| i ccm” rs 


° 9 
il ene Renee — tienen a (5) a 


In a fimilar manner it may be readily fhown 
that mwemmeme= 9 came —— ——? ee ed 


Q.E.D 


56 BOOK If. PROPMIV. WHBOR. 


epee P a ftraight line be divided 
hts) (3 " into any two parts ————, 
| A! the fquare of the whole line 
Priel] 7, equal to the fquares of the 
parts, together with twice the rectangle 
contained by the parts. 


Ne 


twice mes 5 ChE | 


Detcribe (prf6y Baie) 


draw ——meam essere (po{t.1.), 


and | ae ee (preiaieeB..1.) 


4 = A (pr. 5, B. 19 
a = 4 (pr. 29, B. 1.) 
a 


BOG. PROPS IY. THEOR. By 


pelo (prs. 6,29, 34. B.1.) Mh is a {quare == sume’. 


For the fame reafons | isagiauare <=> —=— 


Ker — [yi = eee Cre. 43, bet) 


Fi. ey 0 


ie more =" = —os + —" + 
twice au gO 


OED, 


58 BOOK II. PROP. V. PROB. 


ar oa ftraight 
line be divided 


=! into two equal 
E parts andalfa—— 
into two unequal parts, 


— the rectangle contained by 
He ae parts, together with the fquare of the line between 
the points of fection, is equal to the fquare of half that line 


Ce whe crew oF ee? 
Defcribe A (pr. 46, B.1.), draw ———emeem_ and 
( “SEG acsese {| Ome OAS UEas 


= = | (pe 30, Benue) 
A a [tea Goa ies yy Te) 


os (aX. 2.) L. = | = 


ee 


B@OR TT. PROP: V. THEOR. 


~ i 


and a= = ———’* (contt.) 
FG =) =. - 


Ono a = 


== =—=— (Cor. pr. 4. Boa 


2 


59 


Q. E. D. 


60 BOOK II. PROP#VI. THEOR. 


ERS a firaight line be 
CA) si/ected = —— 

hp | and produced to any 
| point ——n— 
the retangle contained by the 
whole line Jo increafed, and the 
part produced, together with the 
Square of half the line, ts equal 
to the fguare of the line made up 
t of the half, andthe produced part. 


2 ee 


ae et  , 


Defcribe (pr. 46, B. 1.), draw =e 
a enc II ‘Semmes iin eos ies 
and S88 88188 58 = I as SSS (pr. 31, B. ] “) 


am - rt] (prs. QGpe4aa bt 


vat A (cores, B.2:) 


-_ conft. ax. a 


ee ee ig, 


O Fab: 


BOOM IL. PROP. VII. THEOR. 61 


MEE a ftraight line be divided 


} fxd) the /quares of the whole line 
=) ond one of the parts are 

equal to twice the reétangle contained by 
the whole line and that part, together 
with the fquare of the other parts. | 
i 2s —? = 


ee ee 


Sse Oeste eewttecueantasusaseusn al 


| 


Defcribe 5 (Die O weer). 


Draw eee ee ee (pott. Ti) 


and | [| ae 


ee —— || ee } (pr. 3B.) 
a — Boe I.); 


sda —" to both, (cor, 4, B. 2.) 


| = sw’ (cor. 4, B. 2.) 


62 


seneseseudunceuenmss 


BOOK IT. *PROPSVITT. THOR. 


aE a ftraight line be divided 
| into any two parts 
ay | —, the fquare of 
= 2 the fum of the whole line 
and any one of its parts, is equal to 
four times the reftangle contained by 
the whale line, and that part together 
with the {quare of the other part. 


7 eel need + reconmaans 2 


9 


Produce «m—_ee2= andmake =— = — 


Conftrué& (pr. 46, B.1.); 


draw —_—= > 


te 


(praeieee. 1.) 


BOG, PROP. IX. THEOR: 63 


IF a ftraight 
| line be divided 


into two equal ? 


— parts — =, 
and alfo into two unequal 
PAT tS mmm a meng the 
Squares of the unequal 
parts are together double 
the fquares of half the line, 
and of the part between the points of fection. 


i 7 2 —* 


Make ST HC OH le and pe eee 


Draw a«cemeemmmnmn afoy6 |e eee 
cweee |] memcmen ee |] eee, and draw ——, 
(Ol oee et) whale avioatancle, 


y - (COM pies zabeet) 
a a: (OI apebare|) == hala richt angle. 

a = (Cer. pre 32, Ber.) 

“a: = aright angle: 


(Oism5 20sec 1 


hence ——aE Eee so “a 9 mos = — — — 


(pis.(G; 3455-1.) 


4 on. ” + memes, or + se 
ee = 4 f =snmneme ee 2 ome - 
iL = (ir. 47; er.) 
t BUSSE Ea 2 2 ae 


on BOOK T. PROPIX. THEOR: 


“4 jected and pro- 

duced toany point 
mame g the fquares of the 
: whole produced line, and of 
: the produced part, are toge- 
: ther double of the fquares of 
: the half tine, and of the line 
: made up of the half and pro- 
: duced part. 


or = 


Make som tL and = to 


draw EE 92019 and ———eaHs- , 
and eee all | (Plo Qi geeet aes 


draw meme alfo. 
a (pr. 5, B. 1.) == half a rightjanores 
= 4 (Com. Diae2, B. 1.) 
(pr. 5, B. 1.) == half a rightiameale 
a iN (On. Df. 32 beat) 


a y N = 2 righ@angle: 


BeOk Il. PROP. X. THEOR. 65 


A-&-» -V-4- 


mola right angle (ors. 5, 9aeeq, 44, Bite), 


and — aa. sa= sae Suse 
=e e (PTS: 0; 940B.\) blence by (pre 47 tame) 
a + w= om won me > or == iz 

a —— + TT Tia = at) 
+ a ee aa 2. Se ee 


O in ain — OY eee 2 meee 2 


Q. E. D. 


66 BOOK If." PROPRXI. TARGS: 


Pe O divide a given ftraight line sas» 


¥\ in fuch a manner, that the reétangle 
| contained by the whole line and one 

| of its parts may be equal to the 
Square of the other. 


to 
e 


Deferibe (pr. 46, Baas 


make mmeme > smeeee (pr. 10, Bates 


draw ee ee 


take —————— = =e (pr. 3, B. 1.), 


On a Ceichine h sat (pr. 46) Boa 


Produce esa=aaaamcannms = (poft. 2.). 
Then, (pr. 6, B. 2.) este a -- 
—i — — ——_——.* = sewers + 


oan Re weet eens 8 oe meme rn? Or, 


Q.E. D. 


BOOK IT. PROP. XII. THEOR. 67 


a|N any obtufe angled 
YW triangle, the fquare 
¥ of the fide fubtend- 
peeled] jy¢ the obtufe angle 
exceeds the fum of the fquares 
of the fides containing the ob- 
tufe angle, by twice the rec- 
tangle contained by either of 
thefe fides and the produced parts 
of the fame from the obtufe (etonncrarenceenaangaent, 
angle to the perpendicular let 

fall on it from the oppofite acute 

angle. 


ee © * by 


2 === 6 ame 


LBA (it, Cy Blo Be 


sees? 2 Le maenanann Sd 6 ee 


add o——eeem= ? to both 


ee Fe Fe’ (pr. 47, B. 1.) 
= == +- 2 | ee ifr 
+ eis baie eel terctore, 


een — Oe Rs ee 


——— *: hence creme 2 ee 2 he eee ” 


by 2° a sg eo, | 
OED: 


68 BOOR Il. PROPRMOMHT. VHGGOR. 


FIRST, SECOND. 


Tene N any tri- 


angle, the 
Square of the 
fide fubtend- 
ing an acute angle, 1s 
lefs than the fum of the 
oocaanatt Squares of the fides con- 
taining that angle, by twice the rectangle contained by either 
of thefe fides, and the part of it intercepted between the foot of 
the perpendicular let fall on it from the oppofite angle, and the 
angular point of the acute angle. 


REFERERS 


FIRST. 


¢3 = a aaee -+- re by 2 = ques EOE ee — , 


SECOND. 


ee | — ee + come bY 2 6 eo wee, 


Firft, fuppofe the perpendicular to fall within the 
triangle, then (pr. 7. Be 2y) 
re ee en ee 
add toveach) aumusmum etaetl, 
en ee 
+ cansee a ooo 
POR (0 leas 1) 


—————r® = a -- ——", 


BOG IL PROP. Xl. THEOR. 69 


and hor pe a | ee is -\- ed by 


2 ¢ eee © eee, 


Next fuppofe the perpendicular to fall without the 
triangle, tnenm( preg eb. 2.) 


aan nene 2 + cos > 2 0 es 6 + oman”, 


add to each w=? then 


> —_ ? = 20 eummmessees ¢ SEE 


=.” + 
Sigcsces) cigs + (P47 
8 fe ee ee 
wh ee me by 2 es ee, 


GuEeD. 


BOOK [1 PPROP, XIV. PROB. 


Ae) 


gO draw a right line of 
which the fquare fhall be 
equal to a given reéti- 
) linear figure. 


Such that, 


To draw 


Make a _ | (pro aisneie 6) 


produce e+ = 


until svaase. == aes 
take aatsecene = ————— (pr. ro, B. 1.), 


Defcribe ( \ (poft. 3.), 


and produce ———_ to meet it: draw 


coe OF ea__—_ = ssese5 s ————y + 1eceesia- 
(Sigel. 2 L 

but a ee fe ctteeee” (pr. 47, Bi 1.); 

og a “+f assess” ——_ s*secun oll +- ecsosewm” 9 


oe oe? == stizemm 6 cocsomummm , and 


Q. E.D 


BOOK III. 


DEFINITIONS. 
I 
QUAL circles are thofe whofe diameters are 


equal. 


II. 
A right line is said to touch a circle 
when it meets the circle, and being 


produced does not cut it. 


II. 


Circles are faid to touch one an- 
other which meet but do not cut 


one another. 


Ty. 


Right lines are faid to be equally 
diftant from the centre of a circle 
when the perpendiculars drawn to 


them from the centre are equal. 


72 


DEFINITIONS. 


Ve 


And the ftraight line on which the greater perpendi- 


cular falls is faid to be farther from the centre. 


@ 
B 


gos eerGnag, 


VI. 


A fegment of a circle is the figure contained 
by a ftraight line and the part of the circum- 


ference it cuts off. 


VII. 


An angle in a fegment is the angle con- 
tained by two ftraight lines drawn from any 
point in the circumference of the fegment 
to the extremities of the ftraight line which 


is the bafe of the fegment. 


VII. 


An angle is faid to ftand on the part of 
the circumference, or the arch, intercepted 


between the right lines that contain the angle. 


IX. 


A fector of a circle is the figure contained 


by two radii and the arch between them. 


DEFINITIONS. 72 


xe 
Similar fegments of circles FN 
are thofe which contain 


equal angles. 


Circles which have the fame centre are 
called concentric circles. 


74 BOCK TT. S2ROPTT. PROB: 


weg) O find the centre of a given 


circle GF : 


Draw within the circle any ftraight 


ling seecennee, make seme I cacece-, 
draw —___[. a rinene 

bifect , and the point of 

bifection is the centre. 

. For, if it be poffible, let any other 

point as the point of concourfe of 


> SB26284 a 


and «sesssenss be the centre. 


guaencsane 4 
Becaufe in SS and “\ + 
ae re 
o¢ 
@eeaBaaan ¢ 


= wnenn— (hyp. and B. 1, def. 15.) 


=o SS bs oe (contft.) and eeszsasese COMMON, 


Pe = Vv (B. 1, pr. 8.), and are therefore right 
angles ; my = (a (conft.) VW = ¥ (axa) 


which is abfurd; therefore the affumed point is not the 
centre of the circle; and in the fame manner it can be 
proved that no other point which is not on is 


the centre, therefore the centre is in » and 
is bifected is the 


therefore the point where 
ceritre. 


9), 1 (DP 


BOOT. PROP. Il. THEOR. 75 


a STRAIGHT Jine (me) 


New| joining two points in the 


B83] circumference of a circle | 
7 


s , fies wholly within the circle. 
Find the centre “C) (B-3spr-t.); 


from the centre draw —___— {0 ANY PO1Nt 1N =seasme 4 


meeting the circumference from the centre ; 


Then “J = 4 (Bie pis.) 
MEME (2. pr. 16.) 


————— (8. I. pr. 19-) 


Dut ——eemcssees == 


*, Every point 1 sommmemem lies within the circle. 


Q. E.D. 


76 BOOK III. PROP. III. THEOR. 


@F a fraight in ( ——_— ) 
y drawn through the centre of a 


circle & bifecis achord 


(ms) which does not pafs through 
the centre, it ts perpendicular to tt; or, 
of perpendicular to it, it bifedts it. 


and —__meee to the centre of the circle. 


ESS SC Se ems CO] 10N, and 


___.m. wae Bd oz. 1. ps. 8.) 


andi? . TL aie (BR. Let 
Again let comm ol omen nes: 


Then in ez || and a 


Ma = Br 8.1 prs.) 


Draw 


oem eee (Beno 26a) 
bifects ammmcoren , 


Q. E. D. 


BO@R TIT, PROPTIV. THEOR. a7 


mE in a circle two firaight lines 
cut one another, which do 
not beth pafs through the 

=i) centre, they do not bifect one 
another. 


If one of the lines pafs through the 
centre, it is evident that it cannot be 
bifected by the other, which does not 
pafs through the centre. 


But if neither of the lines qmmmummmmmn ([ —eememem 
pafs through the centre, draw eaassea= 


from the centre to their interfection. 


If mms be bifected, sacna eto it (i. F2pts 3.) 


B= IN and if 


bifected, oe se uke see (B. 3. pr. aa 


. > = nN 
= Diam 


equal to the whole, which is abfurd : 


be 


and SS 


e 
ee 


do not bifeé&t one another. 


78 BOOK lil. PRORIV. THBOR 


f | F two circles ©) | 


inter fect, they have not the 


Jame centre. 


Suppole it poflible that two interfecting circles have a 
common centre; from fuch fuppofed centre draw ———. 
to the interfecting point, and =—__—_emssse. meeting 


the circumferences of the circles. 


Then = (B. 1. def. 15.) 


and ne —— a ws Oo 6 a oe (EB. DT def. Tse 
equal to the whole, which is abfurd: 
.”, circles fuppofed to interfect in any point cannot 


have the fame centre. 


Q. E. D. 


BOOM 1. PROP. VI. THEOR. 79 


HE too circles O) touch 


| one another internally, they 


have not the fame centre. 


For, if it be poffible, let both circles have the fame 


centre; from fuch a fuppofed centre draw 


cutting both circles, and -=--—-— to the point of contact. 


Then == eeece= (B. 1. def. 15.) 


and So eereermmmeme §(B. 1. def. 15.) 


22ers SS sese.epuue eo 2 part 


5 


equal to the whole, which is abfurd ; 
therefore the affumed point is not the centre of both cir- 
cles; and in the fame manner it can be demonftrated that 
no other point is. 


Q. E. D. 


80 BOOK UWI. PROP. VIT. TEHEOR. 


FIGURE I. 


F from any point within a circle 


which ts not the centre, lines — 


are drawn to the circumference; the greateft of thofe 
lines is that (smmumuane) which paffes through the centre, 
and the leaft is the remaining part ( ) of the 


diameter. 
Of the others, that ( ) which is nearer to 
FIGURESIE the line paffing through the centre, is greater than that 


( 


) which 1s more remote. 


Fig. 2. The two tines ( meena ) 
\ which make equal angles with that pafing through the 
centre, on oppofite fides of it, are equal to each other; and 
there cannot be drawn a third line equal to them, from 
' the fame point to the circumference. 


FIGURE I. 


To the centre of the circle draw = =-=-—= and “"""=""3 
then sesseme= SS csnreneeee (B. 1. def. 15.) 


cocnnmme eee -f- -..---- [7 


(B.1. pro zea) 


in like manner ====ss=ee may be fhewn to be greater than 
meme, or any other line drawn from the fame point 
to the circumference. Again, by (B.1. pr. 20.) 


—— a eee YE , 


take seme from both; .°, ete (AX.), 


and in like manner it may be fhewn that is lefs 


Bees Til, PROPO VI, THEOR. 81 


than any other line drawn from the fame point to the cir- 


cumference. Again, in 


ame COMMON, a = Dp: Brill seewee =" cc couse 


(B.1. pr. 24.) and —s___ 


ee = 
may in like manner be proved greater than any other line 
drawn from the fame point to the circumference more 


remote from ee ES a 


FIGURE II. 
If q > then ee Tt eel —— es de not 
take —_—__ cmos draw es, fe 


———e COMMON, 


sal a: ee 


(B. 1. pr. 4.) 


a part equal to the whole, which is abfurd : 
. om memes ans 5 and no other line is equal to 
—————= drawn from the fame point to the circumfer- 
ence; for if it were nearer to the one pafiing through the 
centre it would be greater, and if it were more remote it 


would be lefs. 
OE sD. 


82 BOOK HI. PRORPVITI. ~~ TaMaOR. 


The original text of this propofition is here divided into 
three parts. 


I. 


F from a point without a circle, ftraight 


ee cae ee 

lines | | are drawn to the cir- 
come OF, 

cumference ; of thofe falling upon the concave circum- 

ference the greateft is that (<=) which paffes 

through the centre, and the line (———eme) which is 


) 


nearer the greateft is greater than that ( 
which 1s more remote. 


Draw «suncasses (Nd seceererne to the centre. 


Then, ———eess2 which paffes through the centre, is 


greateft; for fince seses=em= <= -cocenee if —— 


be added to both, ————e=saa. == 
but Ee (B. 1. pr. 20.) .*, emacs is greater 
than any other line drawn from the fame point to the 


concave circumference. 


weeemeceum S Tlesaascsors 3 


Again in 


meget). PROPSVITI THEOR. 83 


and —_ common, but ¢g- g: 


oe (Bai. prods) ; 


and in like manner ————= may be fhewn [© than any 


other line more remote from =amemmmessesens, 


II. 3 


= 
a 
a 
a 
= 
a 
a a 
» 8 
a 
® 
a 
e 
. 
= 
e 
a 


Of thofe lines falling on the convex circumference the 
leaft is that (saemmene=) which being produced would 


pas through the centre, and the line which ts nearer to 
the leaft is lefs than that which is more remote. 


For, fince ——e -+- euazase Cc came WI (B. ities Bta20.) 


and =<. <= —_n- , 


ety eee [C wmmmecees (ax. 5.) 


And again, fince ee + ssueeaus [ae 
wee of weneees (B. 1. pr. 21.), 


and SS — ses 
Sl csene TT] wee=2, And fo of others. 


Ii. 


Alfo the lines making equal angles with that which 
paffes through the centre are equal, whether falling on 
the concave or convex circumference ; and no third line 
can be drawn equal to them from the fame point to the 


circumference. 


For if ssessemmes [~~ sence, but making 4 = b: 


make semen —_ B27 en 3 and draw 2P Else , 
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° 
* 


Then in o ae 


WE have eet M@agway pas wee wee 


and —_——_ common, and alfo b = 4. 
J, eet (B. 1. pr. 4.)3 


but = eemsasncen A 


mecemenes SS seemeem——=, which is abfurd. 


crevarcers iS NOt Sm cesseseeee. nor to any part 


of mone oo pa 28 6 tee 1s not = os we . 


a ie 
Neither is covelrvumsas = oo00s name , they are. 


o°, ce to cach otnen: 


And any other line drawn from the fame point to the 
circumference mutt lie at the fame fide with one of thete 
lines, and be more or lefs remote than it from the line paff- 


ing through the centre, and cannot therefore be equal to it. 


Q. E. D. 
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F a point be taken within a 


& 


circle » from which 


wore than two equal firaight lines 


 niantciummnaile ) 
can be drawn to the circumference, that 


point muft be the centre of the circle. 


Meciecs: , 


For, if it be fuppofed that the point N 


in which more than two equal ftraight 


lines meet is not the centre, fome other 
point ==. muft be; join thefe two points by ——a_, 


and produce it both ways to the circumference. 


Then fince more than two equal ftraight lines are drawn 
from a point which is not the centre, to the circumference, 


two of them at leaft muft lie at the fame fide of the diameter 


owmeeees=:3 and fince from a point VAN » which is 
not the centre, {traight lines are drawn to the circumference ; 
the greateft is smmem==*», which paffes through the centre : 


and which is nearer to eee, ( 


which is more remote (B. 3. pr. 8.); 


but (hyp.) which is abfurd. 


The fame may be demontftrated of any other point, dif- 


ferent from VAN , which muft be the centre of the circle. 


Q.E.D. 
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; A . NE circle e canna. interfett another 
B 3 €) in more points than two. 

| | ? 

~~ For, if it be poffible, let it interfeét in three points ; 


from the centre of C) Cra W ee 5 ne 


and ———mes=e to the points of interfection ; 


(Bereta ca 


but as the circles interfect, they have not the fame 


Gentine: (ang. pins. e 


.°. the affumed point is not the centre of e , and 


, QS een cee and seem are drawn 

from a point not the centre, they are not equal (B. 3. 
prs. 7,8); but it was fhewn before that they were equal, 
which is abfurd; the circles therefore do not interfect in 
three points. 


Q. Ey 
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two circles @) and 
‘ ¢ touch one another 


internally, the right line joining their 
centres, being produced, fhall pafs through 
a point of contaét. 


For, if it be poffible, let 


join their centres, and produce it both 


ways; from a point of contact draw 


to the centre of &) , and from the fame point 


of contact draw «<seesesse= to the centre of C). 
Becaufe in A. —as + Se E mmoomanat 


(Br pia eon) 


ANd ssnewecse SS mee mecce ms 35 they are radii of 


O. 
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but ——— + | enn a 8 oo — 5 take 
away which is common, 
but ees SCO eee 5 
becaufe they are radii of Cj i 
and ,°, ssemew= [> ceesemeee a part greater than the 


whole, which is abfurd. 


The centres are not therefore fo placed, that a line 
joining them can pafs through any point but a point of 


contact. 


Q. E. D. 
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Sener a 

eee Wen aE two circles OC and 
Attbed) AS 

Ca touch one ano- 


ther externally, the flraight line 
cme joining their centres, 


paffes through the point of contaéd?. 


iiebe poflible, let 


join the centres, and 


not pafs through a point of contact; then from a point of 


contact draw "c"=== == and to the centres. 


Becaufe <“*"= a, i 
(Et api. 20) ); 


and mee SS em (B.1. def. 15.), 


and a! <= (Betedetand cs: ), 


Aan See ++ == fe 
than the whole, which is abfurd. 


9 a part greater 


The centres are not therefore fo placed, that the line 
joining them can pafs through any point but the point of 


contact. 


Q., BED. 


go BOOK If. PROP. XIII. THOR. 


FIGURE I. FIGURE II. 


5 NE circle can- 


4 | ot touch ano- 


ha ther, either 
externally or 
internally, in more points 


than one. 


FIGURE IIl. 


Fig. 1. For, if it be poffible, let 


C) and € touch one 


another internally in two points ; 


draw 


joining their cen- 


tres, and produce it until it pafs 


through one of the points of contaét (B. 3. pr. 11.); 


Craw cme 211 p 


But --sse= SS eee (B. 1. def. 15.), 


oe if memes be added to both, 


? 


eases es wee of =a 


but sewensene <= (B. 1: defi tga 


which is abfurd. 


meen TT, PROP. Xill. THEOR. om 


Fig. 2. But if the points of contact be the extremities 
of the right line joining the centres, this ftraight line muft 
be bifected in two different points for the two centres; be- 


caufe it is the diameter of both circles, which is abfurd. 


Fig.3. Next, if it be poffible, let 3 and @) 


touch externally in two points; draw —eemeerss- joining 
the centres of the circles, and pafling through one of the 
points of contact, and draw —————= and ——__, 
= (Border, is.) 


and saamaa-= = ee (B. 1. defi y.): 


e's but 


+ =e [= ee ad (B. lite pr. 20.), 
which is abfurd. 


There is therefore no cafe in which two circles can 


touch one another in two points. 


OnE. D. 
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QUAL fraight lines( — ) 
, inferibed in a circle are e- 
\ qually diftant fromthe centre ; 
ame! 72] alfo, ftraight lines equally 
di Hlant from the centre are equal, 


From the centre of draw 
am ANE TQ commmene anes and a ee 
el mae eeey JOIN oe and ———— , 


Then == half SRT Bos (Ba 3- pr. 3.) 
and —amee co femeeness= (B. 3. pr. 3.) 


{inCe semersesees = Soemsaaies (Hyp) 


‘°° ————<— | ==, 


and == see (B.1. def. 15.) 


G aS Se 2. 
og — ; 


but fince y B a right angle 


* (B. 7. pee 
* for the 


pape © "open eeee® +. 


and eee = Sapaccesan # + 
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2 


Alfo, if the limes  -mnercccas. and sememessace be 


equally diftant from the centre; that is to fay, if the per- 


pendiculars samscsseam and eacaneseee be given equal, then 


— 
MEMEBERS Ge wo es PDE ram » 


For, as in the preceding cafe, 


2 


(et gi a oe 


but “he H res —— ausmaneme ~ - 


o 
“ 


Swe *, and the doubles of thefe 


Eeerssens ANC memesea-= are alfo equal. 


OE eb. 
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FIGURE I. 


BILE diameter is the greateft ftraight 
line in a circle: and, of all others, 


that which is neareft to the centre 1s 
i greater than the more remote. 


FIGURE I. 


The diameter ——=—== is [© any line , 


For draw eee so and cosamte nese | 


Then cml eS 
1d ——————— 


ee 


Dut aoe - oe (Ee I. pr. 205) 


Again, the line which is nearer the centre is greater 
than the one more remote. 
Firft, let the given lines be swememn= and «<cnceee-, 
wnich are at the fame fide of the centre and do 


not interfect ; 


inte 
( 


9 
SSE 

% 

9 

s 
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*e, e ° 
and Seatresen SS szemmaven and eeaue@ouss = 
but ap = Gg. 
be C ----.- (Beit prs 245) 
FIGURE II. FIGURE II. 


and —— 


Let the given lines be 
which either are at different fides of the centre, 


orinterfect; from the centredraw ----.------ 


make sesese I> ---e—, and 


Craw  ommmmsessm aE werranes, 


SinCe€ —meeeee 20d eee are equally diftant from 


the centre, ——_—_ = 


(ois pits.) ; 


(Gime 3 pr. 15.), 


but a 
ne ——————— cC Ss. 


OnE, D: 
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extremity of the diame- 
ter — of a circle 
perpendicular to it falls 
without the circle. 

And if any firaight 

line casasce=e a 

drawn from a point 
within that perpendi- 
cular to the point of contaét, it cuts the circle. 


PART I 
, which meets the circle 


If it be poffible, let 
again, be 


; and draw RTS 


o 


Then, becaufe =, 


“q = ¥V (Bar. piace 


and .*, each of these angles is acute. (B. 1. pr. 17.) 


but <q = N (hyp.), which is abfurd, therefore 


the circle again. 
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PART II. 
Let mene be LL mmm and Jet om ana be 


drawn from a point ” between «=== and the 
e 


circle, which, if it be poffible, does not cut the circle. 


Becaufe >» = N ; 


ane Va is an acute angle ; fuppofe 


suv wommenatiaee he wonaamen, drawn from the centre of the 
circle, it muft fall at the fide of & the acute angle. 


xs | which is fuppofed to be a right angle, is [2 >». 


————— [ee mevantesssess 5 


but esemecw. == 5 
and .*, wenemems [— ccscsesnenses, a part greater than 
the whole, which is abfurd. Therefore the point does 
not fall outfide the circle, and therefore the ftraight line 


ssacsoerees Cuts the circle. 


Q.E.D. 
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Pe) O draw a tangent toa given 


circle from a 


given point, either im or outhde of its 
circumference. 
If the given point be in the cir- 


cuinference, as at al . itis plain that 
the ftraight lie= LL sousasense 


the radius, will be the required tan- 


gent (B. 3. pr. 16.) But if the given point | be 


outfide of the circumference, draw <««res —<—— 
from it to the centre, cutting 3 and 
draw ab weaneuae Jk snenmeae™s defcribe 
concentric with radius SS escrocamm , 


then smmemmmss will be the tangent required. 
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1 


A % A 
* '¢ * 
= ®, * 
2 % ¢e 
%, 


: = *e, oe 
For ID Anno0cr CORN and Suancncecas 


<coltseommm ome eee common, 


and comnunaaesa comme ie ie 8 
UB, pe. 4 ,\4- & - Sa emt angle, 


‘| mmm: «1S 2 tangent to 


Q. E. D. 


mo  BOORIW. PROPY AVE THOR 


mal a right line sss» be 
a tangent to a circle, the 
frraight line mmm drawn 
eS a) from the centre to the 
t point of contact, is perpendicular to it. 


For, if it be poffible, 


let anos ¢ 7 © : be if sh eetmniese, 


then becaufe 4- EB. 
& is acute (Bl 1. presi 


° ee 
(By 1 peso 
but esa IT 5 


and eee | cas ETDS OPS: a part greater than 


the whole, which is abfurd. 


is not AL seseeseese3 and in the fame man- 
ner it can be demonftrated, that no other line except 
comme 1S perpendicular tO seewseren, 


0. BaD! 
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Bid firaigh: te yews 

be a tangent to a circle, 

ONE RTT ae 

ted] drawn perpendicular to it, 
mS om point of the contact, paffes through 

the centre of the circle. 


For, if it be poffible, let the centre 


be without , and draw 


weevs veree from the fuppofed centre 
to the point of contac. 


Becaufle «sescosease | 
(Boeeeepr. 16:) 


ams & = I\ , 2 right angle; 
é = IN (hyp.), and .*. He = a. 


a part equal to the whole, which is abfurd. 


Therefore the affumed point is not the centre ; and in 
the fame manner it can be demonttrated, that no other 


Domt without os is the centre. 


OnE. D. 
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FIGURE I 


PRHE angle at the centre of a circle, 1s double 
R\ the angle at the circumference, when they 
Wall have the fame part of the circumference for 
oa) their bafe. 


FIGURE 


Let the centre of the circle be On ——eeec:se> 


a fide of A. 


Becaufe mma  ceseeees 


4- Gia 


pe = 4+%, 
or ys = twice A (Hae pr. 32). 


FIGURE IL. 


oy) 


FIGURE II. 


Let the centre be within he , the angle at the 
circumference; draw se from the angular 


point through the centre of the circle ; 


en @ = a A = a, 


becaufe of the equality of the fides (B. 1. pr. 5). 
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ee. fA 4 Hoe &. 


A he ey Be: 
DD - IN a 4, 
DD = wvice @. 


FIGURE Ill. 


FIGURE III. 


Let the centre be without G and 


draw the diameter. 


$ 


Becaufe \ = twice  F and 


Vv - twice Wr (carlos); 


ce A = twice ¢. 
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FIGURE I. 


IE angles ( A 4 \ in the fame 


| fegment of a circle are equal. 


FIGURE I. 
Let the fegment be greater than a femicircle, and 


draw 


to the centre. 


e == etwice s or twice == 4 


GB. 35 pha zon; 


.& = 4 


and 


FIGURE II. 
FIGURE IL 


Let the fegment be a femicircle, or tefs than a 


femicircle, draw <——eeseese the diameter, alfo draw 


q - 4 in = b (cafe 1.) 
.%& -@. 


Weegee iil PROP. XXII. THEOR. 105 


HE oppofite angles & 
Bs / ya ¢ and 


- of any quadrilateral figure in- 


Scribed in a circle, are together equal to 


two right angles. 


the diagonals; and becaufe angles in 


the fame fegment are equal Vv. » ; 
ni W =m, 
add 4 to both. 
.&d.V-0.V-V- 


two right angles (B. 1. pr. 32.). In like manner it may 


be fhown that, 


9.6-D 


- D. 
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mAPON the fame 
cas firaight — line, 
| and upon the 
. fame fide of it, 
two fimilar Jegments of cir- 


cles cannot be confiructed 


which do not coincide. 
- 


For if it be poffible, let two fimilar fegments 


Q and am: be conftructed ; 


draw any right line comme cutting both the fegments, 


draw _—_aee and CE g 


Becaufe the fegments are fimilar, 


@ = y N (B. 3. deimey 
but “is 2 y% (Bape rom 


which is abfurd: therefore no point in either of 
the fegments falls without the other, and 
therefore the fegments coincide. 


fe), 18), 10). 
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JIMILAR 
Segments 


ME 
La». f «- 


cles upon equal ftraight 


lines (—mee 2714 =o ) 


are each equal to the other. 


For, if Re be fo applied > <i 


that —————-_ may fall on ——ememes, the extremities of 


may be on the extremities —__ and 


iis at the fame fide as woe - 


— 
— 9 


becaufe 


2 


muft wholly coincide with 


and the fimilar fegments being then upon the fame 
ftraight line and at the fame fide of it, muft 
eivomcomcide (8B. 3. pr. 29,)eand 
are therefore equal. 


Q. E. D. 


108 BOOK Il. PROPMOELY , (PROB: 


eee SEGMENT of a circle 
being given, to defcribe the 


(S| circle of which it is the 


= Segment. 


From any point in the fegment 
~- 


bifect 


draw <ommcaaes anid 
them, and from the points of bifection 
draw eee LL me 
ad ——_ «§«_L_ ———— 


where they meet is the centre of the circle. 


Becaufe emememee terminated in the circle is bifected 


perpendicularly by <==, it pafles through the 


paffles through 


centre (B. 3. pr. 1.), likewife 


the centre, therefore the centre is in the interfection of 


thefe perpendiculars. 


Q. Bap 
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Sven equal circles 'S. and © ; 


teed) the arcs QA, NM on which 


ftand equal angles, whether at the centre or circum- 


Jerence, are equal. 


Firft, leg @ - a> at the scentie; 


draw ya and mecense =, 


Then fince © = Ce 
pos and fSeseceercitn have 


and & = @&. 
0 SSS eee (Bat apie.) 


A = A (Be aopra20.)5 


()» Da are fimilar (B. 3. def. 10.); 


they are alfo equal (B. 3. pr. 24.) 
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If therefore the equal fegments be taken from the 


equal circles, the remaining fegments will be equal ; 


hence — — Wy (aig 
aUaial gee SS = 9S eS 


But if the given equal angles be at the circumference, 
it is evident that the angles at the centre, being double 
of thofe at the circumference, are alfo equal, and there- 


fore the arcs on which they ftand are equal. 


0. ED 


BOO@MmTTT. PROP. XXVIT. THEOR. i 


the angles A and A which ftand upon equal 


arches are equal, whether they be at the centres or at 


the circumferences. 


For if it be poffible, let one of them 


A be greater than the other A 


and make 
oe Me = reese (B. 3: pr. 26.) Br al 


but Se — "tenes ast* (hyp.) 
Neer = NL 2 part equal 
to the whole, which is abfurd; ,*, neither angle 


is greater than the other, and 


pee they are equal. 
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aeN equal circles and 


equal chords —memmemmey sassssess Cut off equal 


arches. 


From the centres of the equal circles, 


draw ——— , eee and semececmeen, ssecene: 


and becaufe “oo OC) 


alfo en CO Meas aaa ian 


.&@.2@ 


; eee Ne” =(B. 3. pro zan 


Q. E. D. 
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and 


the chords 


aNd «+2008 ess which fub- 


tend equal arcs are equal. 


If the equal arcs be femicircles the propofition is 
evident. But if not, 


let eer) —— 6 and smamcane’s aqunsaanam 


9 


be drawn to the centres ; 


becaufe eaY% = Ne” (hyp.) 


and a> = & (8.3. 7:-27); 


but — and Se — AM and maamuccenn 
oy) me tet tteenee (B. Te pr. a): 


but thefe are the chords fubtending 


the equal arcs. 


© 
o 
s) 


1i4 


BOOK If. “PROPS XA X@NPROB. 


Odeo, 
o 
#05, 
@, 
4 
@ 
¢e 


pe) O bifeci a given 


Lt) 
a 
*, arc 2. 
6 o 
6 a 
Sd 
i 
° 
: 
5 Draw GE se ses | 
BSePnean @ucenssom make = —___ onastmaeres 
draw 


3 


aL meee, and it bifects the arc. 
Draw eucccverse and : 


wee 15 COMMON, 


and fia = & (contt.) 


eee (1. Peay 
4 \ = e 


we, 0B. 3: precnae 


and therefore the given arc is bifected. 


Q. E. D. 
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FIGURE I. 
SGP=AN a circle the angle in a femicirck tsa right 
angle, the angle in a fegment greater than a 
Jemicircle is acute, and the angle in a feg- 
=) ment lef; than a femicircle is obtufe. 
FIGURE I. 
The angle » in a femicircle is a right angle. 
- 
Draw ANG eee 
A — A and a. — .S (ela pieG.) 
~ -- A — » = the half of two 
right angles == a right angle. (B.1. pr. 32.) 
FIGURE II. FIGURE II. 


The angle A in a fegment greater than a femi- 


circle is acute. 


the diameter, and .«-cmmmmse 


ae A = aright angle 
se A is acute. 


Draw 
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ISMGAGHRGS, WEL. 


FIGURE III. The angle @ in a fegment lefs than femi- 


circle is obtufe. 


Take in the oppofite circumference any point, to 


which draw —mere —ae and =e» 


rout P + @-CD 


(Baz -apen 22.) 


bt O =a] Ol (part 2.), 
a @ is obtufe. 


QO. ESD: 
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— ama a right line eee) 


|| de a tangent to a circle, 
: KA! and from the point of con- 
Brest) 6 6F 17 right line 


be drawn cutting the circle, the angle 
A made by this line with the tangent 


is equal to the angle ee in the alter- 


ate fegment of the circle. 


If the chord fhould pafs through the centre, it is evi- 
dent the angles are equal, for each of them isa right angle. 
(emegeeprs. 10, 31.) 


But if not, draw aL eee = from the 
point of contact, it muft pafs through the centre of the 
Eieele, (1%. 3. pr. 19-) 


BW =e. «> 
i + y = CO = y (Bar pe. 32.) 
ec i = 7’ (ax.). 
ann (= CIN= b+ 


(Ergo pie.) 


°"s CY = i » (ax.), which is the angle in 


the alternate fegment. 


CP 
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— aN a given firaight line —_ 
NC “ to defcribe a Segment of a 


}W circle that fhall contain an 
au) angle equal to a given angle 


Want 


If the given angle be a right angle, 


bife&t the given line, and defcribe a 
femicircle on it, this will evidently 


contain a right angle. (B. 3." 31-) 


If the given angle be acute or ob- 
tufe, make with the given line, at its extremity, 


y = y 


make 4 = , defcribe CF 


With «oe OF as radius, 


for they are equal. 


is a tangent to < (B. 3. preanem 


, smmmmems divides the circle into two fegments 


capable of containing angles equal to 


[ 4 and y which were made refpectively equal 
to De and A (Bees phages) 


Q. E. D. 
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O cut off from a given cir- 


S 


le a fegment 


which fhall contain an angle equal to a 


given angle r | : 


Draw GE age Dl al 7), 


a tangent to the circle at any point ; 


at the point of contact make 


we - yf the given angle ; 


and y contains an angle == the given angle. 


Becanle: ease 15 3 tangent, 


and mame cuts it, the 


angle in é = B 3. pr. 32.), 
MD = BD 00, 


Sy 3, 1) 
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FIGURE I. 


W. aF ioe Fiera — apenases \ o Di circle 


| inter[ect each other, the reClangle contained 
Emailed) by the fegments of the one ts equal to the 
patie contained by the fegments of the other. 


FIGURE I. 
If the given right lines pafs through the centre, they are 
bifected in the point of interfection, hence the rectangles 


under their fegments are the fquares of their halves, and 
are therefore equal. 


FIGURE II. 
FIGURE II. 
Let sesem----emmee pafs through the centre, and 
—oenininiwm eTIOt Sarai Ww ANd emer , 
Then Kee Se? 
centaur * "(Gee. pr. 6.); 
ee oo x< wrevseseve  weanusieees Boner re 
fo KX cote Se X 
waseneee (B. 2. pr. 5.). 
FIGURE III. FIGURE III. 


Let neither of the given lines pafs through the 
centre, draw through their interfection a diameter 
9 
and =s=seesnen D< —_— = Sa os Dd 
sevvee (Part. 2.), 
fo XK = — 
mastenne (Partezs)s 


———d 4 wee SS em x OSI , 


Q. E. D. 
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al from a point without a FIGURE I. 
circle two ftraight lines be 
drawn to it, one of which 


ts a tangent to 
the circle, and the other mm ---«—asem 
cuts it ; the reCtangle under the whole 
cutting line wmcceecm— and the 
external fegment ——— is equal to 
the fquare of the tangent —— , 


FIGURE I. 
Let mmm s:+ee—==— pafs through the centre ; 
draw === from the centre to the point of contact ; 


i Ceaieapr, 42); 


ee = no minus 


Or sommes 2 stots? MINUS cecovee : 
one 2 —— ey 86110 00 —= x (B. 2. pr. 6). 
FIGURE II. FIGURE II. 


ecen=* —= do not 
pafs eo" the centre, draw 
Then -+s=mm Sf 
= * minus seeees ? 

aze2eipr. ©), that is, 


a x —_— eS minus en 5 


oy Totem ee” (B. 3. pr. 18), 


O. Ewe 
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pee from a point outhde of a 
| circle two Straight lines be 
ye drawn, the 0n€ —a"as 
SA) cutting the circle, the 
meeting it, and if 


other 
the rectangle contained by the whole 
cutting line —mmmenes and its ex- 
ternal fegment assaece be equal to 
the fquare of the line meeting the circle, 
the latter —mmoom— 15 a tangent to 
the circle. 


Draw from the given point 
amen , 2 tangent to the circle, and draw from the 


and on ae 


centre oY REED g TSH ESBSSTS o y) 
2 ess ee x =aeem vans (B. 3. pr. 36.) 
Dut ee 2 SE tse KK nneeenne = (hyp-), 
a aac 
Then in Fs aq 
= mesccsca ANd qn I seememas and SET 


Aid <o_—~ 15 COlmon: 


oe py = r | (B.ciespiceses 
but Ei — IN a right angle (B. 3. pr. 18.), 
v = 1 a right angle, 


and ,°, aumemee isa tangent to the circle (B. 35 pros): 


8, 1D) 


PAR SU RUSE ARES 


BOOK IV. 


DEFINITIONS. 


Jie 


see RECTILINEAR figure is 
faid to be infcribed in another, 
when all the angular points 


geld!) Of the infcribed figure are on 
‘fe fides of the figure in which it is faid 
to be infcribed. 


II. 


A Ficure is faid to be defcribed about another figure, when 
all the fides of the circumfcribed figure pafs through the 
angular points of the other figure. 


III. 


A RECTILINEAR figure is faid to be 
infcribed in a circle, when the vertex 
of each angle of the figure is in the 
circumference of the circle. 


IV. 


A RECTILINEAR figure is faid to be czr- 
cumfcribed about a circle, when each of 
its fides is a tangent to the circle. 
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V. 


A CIRCLE is faid to be infcribed in 
a rectilinear figure, when each fide 
of the figure is a tangent to the 
circle. 


VAL 


A CIRCLE is faid to be circum- 
Jferibed about a rectilinear figure, 
when the circumference paffes 
through the vertex of each 
angle of the figure. 


Vv is circum{cribed. 


VI. 


A sTRAIGHT line is faid to be im/fcribed in 
a circle, when its extremities are in the 
circumference. 


The Fourth Book of the Elements ts devoted to the folution of 
problems, chiefly relating to the infcription and circumfcrip- 
tion of regular polygons and circles. 


A regular polygon is one whofe angles and fides are equal. 


BOOM, ROP. I. PROB. 125 


N agivencircle ¢ 


ox "| to place a firaight line, 


equaltoa given ftraight line (= \, 
not greater than the diameter of the 


circle. 


Draw socrsvnamm , the diameter of @) 


and if «+we:ce ame = oe, then 


the problem is folved. 


But if ---«+0- — be not equal to , 
DBs BOt es WEEE = — (hyp.); 
make seecersee = (B. 1. pr. 3.) with 


—sse2= as radius, 


defcribe C). cutting ¢: and 


draW nam which is the line required. 


For — ecutsrsse: = enema 


(Bet. deters. contt.) 
O. ESD: 
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RE=EN a given circle 


C) to in- 


Jeribe a triangle equiangular 


to a given triangle. 


To any point of the given circle daw ——— , a tangent 


(B. 3. pr. 17.); and at the point of contact 


make A — Vv (B. Taspr 2a) 
and in like manner rN = \ 4 and 


draw. Sec 


Becaufe A = (contt.) 
and A = Vv (Bg. Piag2e 
os VW = GV: alfo 
UV = —v for the fame reafon. 
we  f = Vv (Bole pre azo. 


and therefore the triangle infcribed in the circle is equi- 


angular to the given one. 


QunaD: 
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BOUT a given 


circle @ to 


circumfcribe a triangle equi- 


angular to a given triangle. 


Produce any fide , of the given triangle both 


ways; from the centre of the given circle draw 


any radius. 
Make e = f 4 (B. teppr. 23.) 
and "i En za: 


At the extremities of the three radii, draw ———=——e , 


9 


emama= aNd wennesee= , tangents to the 


PIVCHECICCIE.) Wleaude PUeig-) 


The four angles of , taken together, are 


equal to four right angles. (B. 1. pr. 32.) 
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but # and rN are right angles (conft.) 
o y + h = LIN , two right angles 
but Aa = CIN (B. 1. pr. 13.) 
and Ny = , 4 (contt.) 


andin,.*, y \ = A e 
In the fame manner it can be demonftrated that 
O\=A; 
om A = 4 (B. impr. 32.) 


and therefore the triangle circumfcribed about the given 
circle is equiangular to the given triangle. 


Q. ELD: 
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fromthe point where thefe lines 


meet draw cmmenme, ————-— (9F 


and sseee refpectively _per- 
pendicular to 


a and Lae | 


y) 


- 
4-9 O- Dw: 


common, ee 897S88t8ce TS mmucacacasa: (B. Ho pr. 4 and 26.) 


In like manner, it may be fhown alfo 
that teussseesce SS weamacccon 


2) 


auumeeS OE cooaj@aram aoa CACOBOUTOOD 


hence with any one of thefe lines as radius, defcribe 


C) and it will pafs through the extremities of the 


other two; and the fides of the given triangle, being per- 
pendicular to the three radii at their extremities, touch the 
circle (B. 3. pr. 16.), which is therefore infcribed in the 
given circle. 


s Q. E. D. 
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O defcribe a circle about a given triangle. 


Make = “aaa "ond ———e oe 
swovenem Gari. pr. 103) 

From the points of bifection draw ———-—_ and 
wesccccces  ————————= and refpec- 


tively (B. 1. pr. 11.), and from their point of 
concourfe draW —_—_emmmme, essessaasee and 


and defcribe a circle with any one of them, and 
it will be the circle required. 


ry 7 
—_ 
j=) 


naeieieicna = ——— (conit.), 
common, 
BD = & (con, 
= om manearmer (B. Pe pr. Fie). 


In like manner it may be fhown that 
Pon Beonsseeme = Sea as ———a 3 and 
therefore a circle defcribed from the concourfe of 
thefe three lines with any one of them as a radius 


will circumfcribe the given triangle. 


Q. E. D. 
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N a given circle oe to 


EB] infcribe a fquare. 


Draw the two diameters of the 


circle _L. to each other, and draw 


2 9 


is a {quare. 


For, fince & and e are, each of them, in 


a femicircle, they are right angles (B. 3. pr. 31); 
ee | OS. 1. pr. 28): 
and in like manner ———_ |] 


And becaufe a = 4 (conft.), and 


(esenwewB SSS TEA Sseseiaas (B: I. def. Teg 


— (Boe pr. 4); 
and fince the adjacent fides and angles of the parallelo- 


gram > are equal, they are all equal (B. 1. pr. 34); 
andew,*, <» » infcribed in the given circle, is a 
Q. E. D. 


{quare. 
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mee BOUT a given circle 


C) to circum/cribe 


COCOORg nD EE: 200 gS eee Draw two diameters of the given 
q@ | circle perpendicular to each other, 


and through their extremities draw 


RRO ame S sw 


y) 
tangents to the circle ; 


and a is a fquare. 
4a —_ (I a Tight angie, (B. 3apraee, 
alfo = = A (conit.), 


oy meee [| veeeeeeee 5 in the fame manner it can 


be demonftrated that mmm |] s:22ce2e22, and alfo 
that 


and asec || wenwnens 5 


. lua | is a parallelogram, and 
becaute 4. Dp. . = Ga - .) 


they are all right angles (B. 1. pr. 34): 
it is alfo evident that -ammmmum= , 


» 


and s—eememee are equal, 


eee 4 is a {quare. 


Q. E. D. 


BOOK IV. PROP. VIII. PROB. 133 


@) infcribe a circle in a 


Make So) Scoccoens . 
ANd eee Serene nen 
craw <saeeys — || —-----, 
and smanmememe |] ---2-° —— 


(Beri-ape. 31.) 


eae ny is a parallelogram ; 


Sieginec ico SS eee (hyn 


APG inf is equilateral (B. 1. pr. 34.) 


In like manner, it can be fhown that 


rs} = ia are equilateral parallelograms ; 
Si —_ = See 


and therefore if a circle be defcribed from the concourfe 
of thefe lines with any one of them as radius, it will be 


infcribed in the given fquare. (B. 3. pr. 16.) 


G2 J, DY 
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BBO defcribe a circle about a 


Nae! given fquare Nj f 


Draw the diagonals —_—memwssa0. 


ANd anes ee ee interfecting each 
other; then, 


| and > have 


their fides equal, and the bafe 
eres common to both, 


— » (Bsr. pr. 8), 
or >» is bife@ted : in like manner it can be fhown 
that A is bifected ; 
“> -R. 
hence iN = 4 their halves, 


—— SS (B. I. pr. 6.) 


and in like manner it can be proved that 


If from the confluence of thefe lines with any one of 
them as radius, a circle be defcribed, it will circumfcribe 


the given {quare. 
QO. EoD: 


BOOK IV. PROP. X. PROB. 


é triangle, in which each of 
the angles at the bafe fhail 
#! be double of the vertical 


angle. 


Take any ftraight line —memsse-s 
and divide it fo that 


+ qs BAe 4 09508) a Se 


9 


GSe2eaphe Wil.) 


With =mmemsene as radius, defcribe and place 


in it from the extremity of the radius, ————== == ee, 


(Baier), dav 


For, draw ===. and defcribe 


= i (Baa pt 5.) 


nipner Since Ge iT seueee a SS 


——— is a tangent to oO (Beas pr. 37.) 


aie 4 = ZN (eae pr. 32), 
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add dg to each, 
® +. qd = ZY a q. 
but dW. A or = r (B. 12 preag 


fince ————===> , MZ seeve (Br Ie pr. Sa) 


confequently A = PX -+- qd = A 


(B. tpaeees) 
0 eee ee (B. Ie pr. 6.) 


Ce SS (contt.) 


A-@- B-A+ 
qd = twice ZO: and confequently each angle at 


the bafe is double of the vertical angle. 


(O15. 1D). 


to inforibe an equilateral and equi- 


angular pentagon. 


Conftruct an ifofceles triangle, in 
which each of the angles at the bafe 
fhall be double of the angle at the 


vertex, and infcribe in the given 


circle a triangle A equiangularto it; (B. 4. pr. 2.) 
Bifect a and an & (ES 1cepeE..9.) 


draw 4 and aames=s= , 


Becaufe each of the angles 


| a y ‘ A a and <A are equal, 


the arcs upon which they ftand are equal, (B. 3. pr. 26.) 


and Be ‘ ° eee ° en] and 
<sevseme~ which fubtend thefe arcs are equal (B. 3. pr. 29.) 
and ,*, the pentagon is equilateral, it is alfo equiangular, 


as each of its angles ftand upon equal arcs. (B. 3. pr. 27). 
OE. D: 
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BE) O defcribe an equilateral 
and equiangular penta- 
gon about a given circle 


@) 


Draw five tangents through the 
vertices of the angles of any regular 


pentagon infcribed in the given 


circle C) (B. 3. prige 


Thefe five tangents will form the required pentagon. 


Draw =a m\ and / 
Sepetsewon J 


(Bot. preg). 


common ; 


CL) i i and 


GX = y and we 4 B. 1. pr. 8.) 
a \A =" aviee A. and v = twice 4. 


In the fame manner it can be demonftrated that 


4] = twice &. and Py = twice b: 
v = Py (B. 30 pteegs 
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.. their halves y = b. alfo © = ia and 


mecmmeceee §=COMMON; 


aA. — & .i— 2 ——. 


y 


o°o Mme cee twice amuse @ 


In the fame manner it can be demonttrated 


that eummmmcuscs = twice — , 


but —__: _— ssa 


; 
In the fame manner it can be demonftrated that the 


other fides are equal, and therefore the pentagon is equi- 


lateral, it is alfo equiangular, for 
ry = twice a and \é == twice A 
and therefore A = A. 
j. 4! = \A: in the fame manner it can be 


demonftrated that the other angles of the defcribed 


9 


pentagon are equal. 


Q.E.D 
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given equiangular and 
equilateral pentagon. 


and equilateral pentagon; it is re- 
quired to infcribe a circle in it. 


Make v= A. and a =. 
(B 


. Tapas. Om 


Draw esse ° . LIICICI I = &c. 


Becaufe seamecmm Sa cmos ; f= A. 


and fake ; 


“fe STs HT oc eses renee and y- a» (B. he pr. 4.) 
And becaufe 9 = Y | = twice aA 
st vice Vv, hence 9 is bifected by ————ame , 


In like manner it may be demonftrated that is 


bifected by <erserere -, and that the remaining angle of 


the polygon is bifected in a fimilar manner. 


BOCK IV. PROPRAITT. PROB. igen 


Draw 


g coemenes Risse perpendicular to the 


fides of the pentagon. 


5 
Pry 


Then in the two triangles and 


we have Vv = A, (conft.), common, 
and ov = y = aright angle; 


ae eee, (EB. 1. pro) 


In the fame way it may be fhown that the five perpen- 
diculars on the fides of the pentagon are equal to one 


another. 


Defcribe ey with any one of the perpendicu- 


lars as radius, and it will be the infcribed circle required. 
For if it does not touch the fides of the pentagon, but cut 
them, then a line drawn from the extremity at right angles 
to the diameter of a circle will fall within the circle, which 


has been fhown to be abfurd. (B. 3. pr. 16.) 


Q.E. D. 
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gO. defcribe a circle about a 
i) given equilateral and equi- 


angular pentagon. 


Bifect Vv and > | 


by =acjsueceaam and eimses eoce , and 


sensu mest etaseres 


Hy 
, 
e 


from the point of fection, draw 


5 DCO. and — ws . 


set@renseoenm conimon, 


alfo = : 


og ee eens (By I. pr. Aye 


In like manner it may be proved that 


eessciocon — Es I re and 


therefore ee. ces s Det ummm gncpeostcn. SS 


ecuecsssces = quae * 
— e 


Therefore if a circle be defcribed from the point where 
thefe five lines meet, with any one of them 
as a radius, it will circumfcribe 


the given pentagon. 
OPED: 
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HO infcribe an equilateral and equian- 


#} gular hexagon in a given circle 


@: 


From any point in the circumference of 


the given circle defcribe ¢ pafling 


through its centre, and draw the diameters 


ee ed and 5 draw 


essuenees 9 FSD lane Gg MOCaooDG Py &c. and the 
required hexagon is infcribed in the given 
circle. 


Since paffes through the centres 


of the circles, “., and are equilateral 


e 
*e 


triangles, hence q _ = br = one-third of two right 
@aeles; (B. 1. pr. 32) but @ - (1 


(Bai era 6 


=D = Q x cretics os CD 


(B.1. pr. 32), and the angles vertically oppofite to thefe 


are all equal to one another (B.1. pr. 15), and ftand on 
equal arches (B. 3. pr. 26), which are fubtended by equal 
chords (B. 3. pr. 29); and fince each of the angles of the 
hexagon is double of the angle of an equilateral triangle, 
it is alfo equiangular. OmeD. 
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EHO infcribe an equilateral and 


equiangular quindecagon in 


Ea given circle. 


Let 


the fides of an equilateral pentagon 


and ne 


infcribed in the given circle, and 


the fide of an inscribed equi- 


lateral triangle. 


— 5 ome 15. 


circumference. 


The arc fubtended by } = ala | of the whole 


en 


—= 
— 3 — 


circumference. 


The arc fubtended by i 4 ; | of the whole 


Their difference = +> 


.*. the arc fubtended by ssssssses <= ;'; difference of 


the whole circumference. 


Hence if ftraight lines equal to «amssssee= be placed in the 
circle (B. 4. pr. 1), an equilateral and equiangular quin- 
decagon will be thus infcribed in the circle. 

OoESD, 


CARIES 


BOOK V. 


DEPINITIONS. 


I. 
g LESS magnitude is faid to be an aliquot part or 
. ew fubmultiple of a greater magnitude, when the 
| lefs meafures the greater; that is, when the 


=i} Jefs is contained a certain number of times ex- 
sélly i in the greater. 


II. 


A GREATER magnitude is faid to be a multiple of a lefs, 
when the greater is meafured by the lefs; that is, when 
the greater contains the lefs a certain number of times 
exactly. 


III. 


Ratio is the relation which one quantity bears to another 
of the fame kind, with refpect to magnitude. 


IV. 


Macnirtupes are faid to have a ratio to one another, when 
they are of the fame kind; and the one which is not the 
greater can be multiplied fo as to exceed the other. 


The other definitions will be given throughout the book 
where their aid is firft required. 
U 
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AXIOMS. 


- I. 
QUIMULTIPLES or equifubmultiples of the 


fame, or of equal magnitudes, are equal. 


If A = B, then 
twice A == twice B, that is, 
oo Jee 7s BSS 
3A = 3B; 
4A 4B; 
gene de. 
and 2 ol == Ome 
of Av==_ Ole 
&c. &c. 


Ik 
A MULTIPLE of a greater magnitude is greater than the fame 
multiple of a lefs. 
Let A tf B, then 
2-4 (= e27be 
PINE ¢ IBS 
4 Arab 
&c. G2; 
III. 
TuaT magnitude, of which a multiple is greater than the 
fame multiple of another, is greater than the other. 
Let 2A FE 298s then 
aE Bs 
or, let 3 A C2 3 B, then 
Age. Bs 
or, let 7 A C2 m B, then 
ACB. 
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geal any number of magnitudes be equimultiples of as 


Kaha] many others, each of each: what multiple soever 

MF) Weed any one of the firft is of its part, the fame multiple 

Peetitieets| (hall of the firft magnitudes taken together be of all 
the ers taken together. 


Let QOQOQOO be the fame multiple of 2), 
thar POG OE® is of |. 
tht ODOQ?O is of ©. 


Then is evident that 


SHnOO0e | oO 
We OO © | is the fame multiple of ed 
C0000 | LO 


which thatQ}\QVQOQOQ is of Q ; 


becaufe there are as many magnitudes 


feretelela a 
vug""Y >= -¥ 
Kerexexere ° 


astherearein .Q\Q)QQOQ = OQ. 


The fame demonftration holds in any number of mag- 


nitudes, which has here been applied to three. 


.°. If any number of magnitudes, &c. 
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gem the fir/? magnitude be the fame multiple of the 
KS9i| fecond that the third is of the fourth, and the fifth 
Mere the fame multiple of the Jecond that the fixth is of 
stemeedll //1e JSourth, then foall the firft, together with the 
ik. be the fame multiple of the Jecond that the third, together 
with the fixth, ts of the fourth. 


Let @ @@, the firft, be the fame multiple of @, 
the fecond, that OOO, the third, is of &, the fourth; 
and let @ @ @ @, the fifth, be the fame multiple of @, 


the fecond, that C>OOO, the fixth, is of Chieu. 
fourth. 


gigi I, the firft and 
|\eeee@| 
fifth together, is the fame multiple of @, the fecond, 


Then it is evident, that 


that | OOO | the third and fixth together, is of 
OOO 


the fame multiple of ©, the fourth; becaufe there are as 


desi, | @@®@ | 
many magnitudes in ‘eeae = @ as there are 


, S00 
Sooo} = o 


.’. If the firft magnitude, &c. 
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aE the firft of four magnitudes be the fame multiple 
of the fecond that the rhird is of the fourth, and 
if any equimultiples whatever of the firft and third 

eer) be taken, thofe fhall be equimultiples ; one of the 
fooond, and the other of the fourth. 


The First. The Second. 


(C 
| | . 
Let +1 be the fame multiple of JJ 
| d 
Ji 
The Third. The Fourth. 


vis [98 Lice 
iamn| 
ia 


rc 


C 
TTT ra 


| 
take the fame multiple of + J 
rT oat l ; 
w 
Then it is evident, 
7) = 
that 2 Sane 


> is the fame multiple of J 


11 
Siig 
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+ contains 


roo 


as many times as 


(F a | 
! WW } contains i 
[a 


————— 


o¢ 
33 contains ee | contains ®. 
04: 


The fame reafoning is applicable in all cafes. 


stam li the frit folmmoce: 
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DEFINITION V. 


Four magnitudes, @, §], ©, Y, are faid to be propor- 
tionals when every equimultiple of the firft and third be 
taken, and every equimultiple of the fecond and fourth, as, 


of the firft @6@ of the third @@ 
eee 
0e0e0@ 
eeee0@ 
@ee0@000 


&c. 


of the fecond QR 


Then taking every pair of equimultiples of the firft and 
third, and every pair of equimultiples of the fecond and 
fourth, 


(ee — = 
eec= v 
If-@@ c= |i i] 
ee@ c= Eee 
(\©@@C ="23 HEEREERE 
4 O=7°3 UY 
¢¢@¢Cc =°7°7 VUY 
then will ¢ o¢ Cc", = or TJ 9ese 
¢¢ Cc =773 YUUUY 
(\@¢ CO =H75 VUVUVUY 
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That is, if twice the firft be greater, equal, or lefs than 
twice the fecond, twice the third will be greater, equal, or 
lefs than twice the fourth; or, if twice the firft be greater, 
equal, or lefs than three times the fecond, twice the third 
will be greater, equal, or lefs than three times the fourth, 
and so on, as above expreffed. 


(@ee@e c.= i? 
[eee —— ina 
If, @@@ Cc, = | tf 
eee c,.= it 

'@@@cC,= Jae 

eae, 

xx: C,mo J we 
then | OOO CFO a v9 
wil | 099 G =o 3 VuVy" 

@¢¢ OC =o 3 = VVVUY 

1 $¢@ C=7 3 YoUUUUY 

&c (Saen. 


In other terms, if three times the firft be greater, equal, 
or lefs than twice the fecond, three times the third will be 
greater, equal, or lefs than twice the fourth; or, if three 
times the firft be greater, equal, or lefs than three times the 
fecond, then will three times the third be greater, equal, or 
lefs than three times the fourth; or if three times the firft 
be greater, equal, or lefs than four times the fecond, then 
will three times the third be greater, equal, or lefs than four 
times the fourth, and so on. Again, 


ty 
e) 
1e) 
my 
N 
b 
es) 
: 
4 
S 
2 
N 
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eeee c:.="7, 238 
fr: @@@@ —.=°7° 0 8 
eee@e@ —.=°2 8 
'@e@e@e@ —.=:;308 
&c. 
(¢¢0¢ OC H=7 3 UY 
then | 9 OOS CG Ho A VVY 
wll ( 99OO GC =o 1 GUSTY 
($O0¢ CG =H=0 3 VUUUY 
($0¢ FC =o 3 VUUUUY 
&e. ac 


And so on, with any other equimultiples of the four 
magnitudes, taken in the fame manner. 


Euclid expreffes this definition as follows :— 


The firft of four magnitudes is faid to have the fame 
ratio to the fecond, which the third has to the fourth, 
when any equimultiples whatfoever of the firft and third 
being taken, and any equimultiples whatfoever of the 
fecond and fourth; if the multiple of the firft be lefs than 
that of the fecond, the multiple of the third is alfo lefs than 
that of the fourth; or, if the multiple of the firft be equal 
to that of the fecond, the multiple of the third is alfo equal 
to that of the fourth; or, ir the multiple of the firft be 
greater than that of the fecond, the multiple of the third 
is alfo greater than that of the fourth. 


In future we fhall exprefs this definition generally, thus : 


IfM @C, =o tz BH, 
whenM @ Ee, or 7 VY 


x 
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Then we infer that @, the firft, has the fame ratio 


to [B, the fecond, which @, the third, has to OH the 
fourth: expreffed in the fucceeding demonftrations thus : 


@:8: 0:9; 
orthu, @: B= O:Y; 
y 
as @ is to MM, sois @ to WY.” 
And if @: BB :: © : B& we thall infer if 
M @C, =o 4 @, then will 
M@C,=oc027]J. 
That is, if the firft be to the fecond, as the third is to the 
fourth; then if M times the firft be greater than, equal to, 
or lefs than wm times the fecond, then fhall M times the 


third be greater than, equal to, or lefs than m times the 
fourth, in which M and m are not to be confidered parti- 


and is reaae 


or thus, e — 
ro 


cular multiples, but every pair of multiples whatever ; 
nor are fuch marks as @, WY, |, &c. to be confidered 


any more than reprefentatives of geometrical magnitudes. 


The ftudent fhould thoroughly underftand this definition 
before proceeding further. 
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Bae the firft of four magnitudes have the fame ratio to 
f MW the fecond, which the third has to the fourth, then 
£ @ any equimultiples whatever of the firft and third 
Te Jame ratio to any equimultiples of 
the Pisoni and fourth ; viz., the equimultiple of the firft fhall 
have the fame ratio to that of the fecond, which the equi- 
multiple of the third has to that of the fourth. 


Let @: B::@ 2, then; @ :2 M::3 0:25, 
every equimultiple of 3 @ and 3 @ are equimultiples of 
@ and @, and every equimultiple of 2 Jf and 2 &, are 
equimultiples of Jj and W (B. s, pr. 3.) 


That is, M times 3 @ and M times 3 @ are equimulti- 
ples of @ and @, and ™ times 2 Jf and » 2 W are equi- 
multiples of 2 Jf and2 W; bur ©: M:: > :@ 
fe); ..if M3 @ EL, =, or j 7 2 EB then 

M3 9 CC, =, or D m2 & (def. s.) 

and therefore 3 @:2 M::3 Os 2 WH (def. s.) 


The fame reafoning holds good if any other equimul- 
tiple of the firft and third be taken, any other equimultiple 
of the fecond and fourth. 


.°. If the firft four magnitudes, &c. 
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gmt’ one magnitude be the fame multiple of another, 
* «a y which a magnitude taken from the firft 1s of a mag- 

| nitude taken from the other, the remainder fhall be 
eaters’) he fame multiple of the remainder, that the whole 
ts of the whole. 


oO A 
Let OO =M'! 
Se) 


and 0= M’ a, 
OC a 
ete OO minus OC Fa IME - minus M’ g, 
O 


~ © — M’(“ minus p»), 


and ae Oo Sa! at 


OP 


sre lt One inaemitude ccc: 
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SF two magnitudes be equimultiples of two others, 
and if equimultiples of thefe be taken from the firft 
| two, the remainders are either equal to thefe others, 
=A) gy equimultiples of them. 


oO 
Lett OO =M's; Ande Ge) == Mi a“; 
oe) 


>, 
then OO minus 7 = == 
co) 


M’ w minus #7 » = (M’ minus m7’) a, 


and (JU minus #7 2 = M'a minus 7 a = 


(M’ minus 77’) a. 


Hence, (M’ minus 7’) w and (M’ minus 7’) 4 are equi- 
multiples of » anda , and equal to m anda, 


when M’ minus mm’ == 1. 


e If two magnitudes be equimultiples, &c. 
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SG the fir ft of the four magnitudes has the fame ratio 
to the fecond which the third has to the fourth, 
Mal then if the firft be greater than the fecond, the 
th Ml) third isa Io greater than the fourth ; and if equal, 
-s UP tes, fea. 


Let @: @:: \ 7 3 therefore, by the fifth defini- 
tion, f @@ C HB, then will \ ] ao > - 
but if @ C HH, thn @@ C HE 
md WOOO, 


Similarly, if Circle i. then will y=. 
or _] . : 


*, If the firft of four, &c. 


DEFINITION XIV. 


GEOMETRICIANS make ufe of the technical term ‘‘ Inver- 
tendo,” by inverfion, when there are four proportionals, 
and it is inferred, that the fecond is to the firft as the fourth 
to the third. 


Let A: B:: C:D, then, by * invertendo” it is inferred 
BAe pe Ce" 


BOG. PROP™S. THHOR. We 


Ley:O:: 8: @, 
then, inverfely, G): v sg @ : 8. 


If M 8 I then vi iy mK 
by the fifth definition. 


LetM @ OQ, thatis zn OOM®, 
ag M Bo $, 07,7} CM: 
. ifaOQOlM ®&, then willy @ CM @. 


In the fame manner it may be fhown, 
that if CO =or IM @&, 
then will @ =, or OM @; 
and therefore, by the fifth definition, we infer 


tht 0:9: @®: MF. 


.. If four magnitudes, &c. 
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all rhe firft be. the fame multiple of the fecond, or the 
s Jame part of it, that the third ts of the fourth; 
dl the firft is to the fecond, as the third ts to the 


BE 
NE 


Pere 117 t/}, 


Let — — , the firft, be the fame multiple of @, the fecond, 
that oe the third, is of a, the fourth. 
Then a . :9Y .@ 
am ® "oe 


take M mi M n@: 
me” ON 4g": 


that o¢ is of @ (according to the hypothefis) ; 


becaufe 


is the fame multiple of @ 


and M ag is taken the fame multiple oa 


o¢ ® 7 
that is O ¢ 
ner * Sane © 


.°. (according to the third propofition), 


| | ; 
M is the {ame multiple of » 
an : 


that M 4 is of @. 
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Therefore, if M -|+ be of @ a greater multiple than 


m @ is, then M $3 is a greater-multiple of @ than 


m @is; that is, if M wa be greater than # @, then 


an 
u 0? 


M~ 4 will be greater than m a; in the fame manner 


it can be fhewn, if M | be equal m @, then 
| | 


mu $$ will be equal » @. 


bl | i | 
And, generally, if M =.= or = 
. i Lt | e 


then M “o4 willbe les, =—1Or =] 7? a; 


.". by the fifth definition, 


an... %?¢. 
| nr 2 


Next, let @ be the fame part of td 
that a is of 4 ¢ 
4 


In this cafe alfo _| :@: 54 4 
iad | Maen XS 

For, becaufe 
Sg 
4 


is the fame part of td that a is of 
e oe 
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thal Wits 
hat 2 is of 


Therefore, by the preceding cafe, 


BE »..%?. 
Te 2 
|| 8 o¢ 
tn | hie & © 


by propofition B. 


therefore 


is the fame multiple of @ 


.. If the firft be the fame multiple, &c. 
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|| the firft be to the fecond as the third to the fourth, 

and if the firft be a multiple, or a part of the 
fecond ; the third is the fame multiple, or the fame 
“) part of the fourth. 


_ 2S . 
ee” OF 


and firft, let e be a multiple J; 
ee . 


4 4 fhall be the fame multiple of ey. 


o¢ 
e Second. oe Fourth. 
eo * oe 9 
TP Oe, 
er OO 


Take O = ® js 
QO” @e@ 
Whatever multiple @ is of 
+e 


take O° the fame multiple of 
OO A 


then, becaufe @ if ey 
ee ="00 9 


and of the fecond and fourth, we have taken equimultiples, 


& DY 
and , therefore (B. +. pr. 4), 
ee OO (B. 5. pr. 4) 
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e : UO we’. CL but (conft.) 
@8@ 00 ' 69% OC’ y 


@_oc.,..,9 Sem 
we (BR. §. pra uae » 9? = SO 


and is the fame multiple of ; 
DO P ¥ 


that ® is of J. 
ee 


Next, let J: & 1 ® $f. 


© ; 
ee 
then W thall be the fame part Oe 


and alfo J a part of 


@ .0¢. 
‘ee B99 °F 
but is a part of © : 

Mi isap ee: 
isa multiple of J ; 


Inverfely (B. 5.) 


that is, 


@ 
ee 
*, by the preceding cafe, ro is the fame multiple of 9 j 


9 


that is, WJ is the fame part aes 4 
that is of bed ' 
B'e@ 


. If the fickt be to thedeeond, ac. 
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SBQUAL maguitudes have the fame ratio to the fame 


magnitude, and the fame has the fame ratio to equal 


i} magnitudes. 


Let @ = @ and [ any other magnitude ; 
hn@: B—¢:Baudti se: O88: ¢. 


Becaule @ = @, 
~M@=M@; 


Sit ie ce, =] or =) we Bien 
M ¢ = emma fy 
and... @ : B= @ : Gi (B. 5. def. 5). 


From the foregoing reafoning it is evident that, 
ifn #C.,=or IM @, then 
nfic.=ocrIM¢ 
cam: @=8 :@ (.. 5. def. 5). 


-*. Equal magnitudes, &c. 
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DEFINITION VII. 


Wuen of the equimultiples of four magnitudes (taken as in 
the fifth definition), the multiple of the firft is greater than 
that of the fecond, but the multiple of the third is not 
greater than the multiple of the fourth; then the firft is 
faid to have to the fecond a greater ratio than the third 
magnitude has to the fourth: and, on the contrary, the 
third is faid to have to the fourth a lefs ratio than the farft 
has to the fecond. 

If, among the equimultiples of four magnitudes, com- 
pared as in the fifth definition, we fhould find 

eeee0e@ (C ENNA, bu 

$0000 =o FD YGUUGY, o if we thould 
find any particular multiple M’ of the firft and third, and 
a particular multiple m’ of the fecond and fourth, fuch, 
that M’ times the firft is [0 »’ times the fecond, but M’ 
times the third is not [© w times the fourth, 7.e. == or 
—j m7’ times the fourth; then the firft is faid to have to 
the fecond a greater ratio than the third has to the fourth; 
or the third has to the fourth, under fuch circumftances, a 
lefs ratio than the firft has to the fecond: although feveral 
other equimultiples may tend to fhow that the four mag- 
nitudes are proportionals. 

This definition will in future be expreffed thus :— 


IfM OC xa OU, but M MH = or J »' @, 
tha BW: OCH: @. 


In the above general expreffion, M’ and m' are to be 
confidered particular multiples, not like the multiples M 
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and mw introduced in the fifth definition, which are in that 
definition confidered to be every pair of multiples that can 
be taken. It muft alfo be here obferved, that §, O), my, 
and the like fymbols are to be confidered merely the repre- 
fentatives of geometrical magnitudes. 

In a partia] arithmetical way, this may be fet forth as 
follows : 


Let us take the four numbers, 8, 7, 10, and 9. 


Firft. | Second. | Third. | Fourth. 
& v, Ios” (1 "ag | 
16 14 29 | 18 
Za 21 KE 2 
2 28 40 36 
40 35 50 45 | 

45 42 0° 54 
5 49 ZO 63 
64 56 Se Ge 
72 63 go Sa i 
So 70 100 go 
eke a7. 110 9 
96 84 120 108 

104 gi 126 moe | 
ri2 98 140 126 

| &c &c &c &e. | 


Among the above multiples we find :6 [2 14 and - 
[— :§; that is, twice the firft is greater than twice the 
fecond, and twice the third is greater than twice the fourth; 
and 16 = 21 and20 T] 27; that is, twice the firft is lefs 
than three times the fecond, and twice the third is lefs than 
three times the fourth; and among the fame multiples we 
can find 72 2 56 andgo [ZC 72: that is, 9 times the Arft 
is greater than 8 times the fecond, and 9 times the third is 
greater than 8 times the fourth. Many other equimul- 
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tiples might be selected, which would tend to fhow that 
the numbers 8,7, 10, 9, were proportionals, but they are 
not, for we can find a multiple of the firft [7 a multiple of 
the fecond, but the fame multiple of the third that has been 
taken of the firft not [2 the fame multiple of the fourth 
which has been taken of the fecond; for inftance, g times 
the firft is [= 10 times the fecond, but 9 times the third is 
not [= ro times the fourth, that is, 72 [2 70, but 90 
not EX 90, or 8 times the firft we find [2 9 times the 
fecond, but 8 times the third is not greater than g times 
the fourth, that is, 64 [2 63, but So is not (= 8:1. When 
any fuch multiples as thefe can be found, the firft (8) is 
faid to have to the fecond (7) a greater ratio than the third 
(to) has to the fourth (9), and on the contrary the third 
(10) is faid to have to the fourth (9) a lefs ratio than the 
firft (§) has to the fecond (7). 
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SBE unequal magnitudes the greater has a greater 
Wi ratio to the fame than the lefs has: and the fame 
BY magnitude has a greater ratio to the lefs than it 
Seem] fos to the greater. 


A 
Let J and [) be two unequal magnitudes, 
and @ any other. 


A 
We fhail firft prove that §§ which is the greater of the 
two unequal magnitudes, hasa greater ratioto @ than |, 
the lefs, has to e>; 


K 
thtis B:@C H:@; 


take M’ a. m @,M WW, and »’ @; 
fuch, that M’ a and M’ [ff thall be each CF @; 

alfo take mm @ the leaft multiple of @, 
which will make # @ EM’ @ = mM’ a; 


2“. M’ BB is not @, 


but M’ . is = 7 @, for, 
as m' @ isthe firft multiple which firft becomes [= M'§, 
than (#' minus1) @ or#’ @ minus @ isnot(= M’' BR, 
and @ isnot (= M'a, 


“7” @ minus @ + @ mtbe TM B+M sa; 
A 
that is, 7 @ muft be 7] M’ #5 
A 
“. M’ @ iso m @ ; but it has been thown above that 


Zz 
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M’ © isnot Ce» @, therefore, by the feventh definition, 
A 
Wi has to @ a greater ratio than J : @. 


Next we fhall prove that @ has a greater ratio to [J , the 


A 
lefs, than it has to BB, the greater ; 
A 
or,@:BCO:g. 


A 
Take m' @, MW, »' @, and M’ a. 
the fame as in the firft cafe, fuch, that 
M’ a and M’ gg will be each (= @, and 7’ @ the leatt 
multiple of @, which firft becomes greater 
than M’ =m. 
2 2 @& minus @ is not CM B®, 
and @ is not(Z M' a; confequently 
wm @ mins @ + @s IM Bt+M a; 
A 
° a @ isIM @, and .. by the feventh definition, 


A 
@ has to WB a greater ratio than @ has to I. 


.°. Of unequal magnitudes, &c. 


The contrivance employed in this propofition for finding 
among the multiples taken, as in the fifth definition, a mul- 
tiple of the firft greater than the multiple of the fecond, but 
the fame multiple of the third which has been taken of the 
firft, not greater than the fame multiple of the fourth which 
has been taken of the fecond, may be illuftrated numerically 
as follows :— 

The number g has a greater ratio to 7 than ® has to 7: 


that is, 9 : 74 9s Or, S-} 17 qi See 
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The multiple of 1, which firft becomes greater than ae 
is 8 times, therefore we may multiply the firft and third 
by 8, 9, 10, or any other greater number; in this cafe, let 
us multiply the firft and third by 8, and we have 64-} 8 
and 6,: again, the firft multiple of 7 which becomes 
greater than 64 is 10 times; then, by multiplying the 
fecond and fourth by 10, we fhall have 7o and 70; then, 
arranging thefe multiples, we have— 


8 times 10 times 8 times 10 times 
the first. the second. the third. the fourth. 
64b 8 70 64 70 


Confequently 64 -+ 8, or 72, is greater than -o, buto« 
is not greater than 70, .*. by the feventh definition, 9 has a 
greater ratio to 7 than § has to7. 


The above is merely illuftrative of the foregoing demon- 
ftration, for this property could be fhown of thefe or other 
numbers very readily in the following manner; becaufe, if 
an antecedent contains its confequent a greater number of 
times than another antecedent contains its confequent, or 
when a fraction is formed of an antecedent for the nu- 
merator, and its confequent for the denominator be greater 
than another fraction which is formed of another antece- 
dent for the numerator and its confequent for the denomi- 
nator, the ratio of the firft antecedent to its confequent is 
greater than the ratio of the laft antecedent to its confe- 
quent. 


Thus, the number 9g has a greater ratio to 7, than 8 has 


to 7, for - is greater than =. 


Again, 17 : 19 is a greater ratio than 13: 15, becaufe 
Wipe lel oon 200 19 — 89 3 20) —., Biy 
= ee = , and FS = Tr ," 
19 19 X 15 285 15 15 X 19 285 

255 247 WY 


evident that ae, 1S greater than 38s? “* ag 18 Sreater than 


hence it is 
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1 . 
3, and, according to what has been above fhown, 17 has 
oO 


to 19 a greater ratio than 13 has to rs. 


So that the general terms upon which a greater, equal, 
or lefs ratio exifts are as follows :— 


A F : 
Iie be greater than aa A is faid to have to B a greater 


ratio than C has to D; if = be equal to x, then A has to 


B the fame ratio which C has to D; and if 5 be lefs than 


= A is faid to have to B a lefs ratio than C has to D. 


The ftudent fhould underftand all up to this propofition 
perfectly before proceeding further, in order fully to com- 
prehend the following propofitions of this book. We there- 
fore ftrongly recommend the learner to commence again, 
and read up to this flowly, and carefully reafon at each ftep, 
as he proceeds, particularly guarding againft the mifchiev- 
ous fyftem of depending wholly on the memory. By fol- 
lowing thefe inftructions, he will find that the parts which 
ufually prefent confiderable difficulties will prefent no difh- 
culties whatever, in profecuting the ftudy of this important 
book. 
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a | 
Go 


BAGNITUDES which have the fame ratio to the 
‘ fame magnitude are equal to one another; and 
‘ thofe to which the fame magnitude has the fame 
an | ratio are equal to one another. 


let @:8::@ : MH, thn @ =@. 
For if not let ro Ce, then will 


@¢:H8Ce@: @B (B. 5. pr. 8), 
which is abfurd according to the hypothefis. 


ee og isnot (= @.- 
In the fame manner it may be fhown, that 
@ is not (Cl @; 
. @=@. 
Again, let J: ¢ i: #: @ , then will ¢ = @. 


For (invert.) @ : M::@ : 
therefore, by the firft cafe, ¢ = | 


.°. Magnitudes which have the fame ratio, &c. 


This may be fhown otherwife, as follows :— 

ieten : B = A: C, then B = Cy,oefor, as the fraction 
— the fraction =; and the numerator of one equal to the 
numerator of the other, therefore the denominator of thefe 
macions are equal, that is B == C. 


o 
us 


eee 8: A= CAB = C. For, as © =e“ 
A A? 


aemuit = C. 
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BHAT magnitude which has a greater ratio than 


another has unto the fame magnitude, is the greater 
of the two: and that magnitude to which the fame 
a E| has a greater ratio than it has unto another mag- 
nitude, 1s the lefs of the two. 


lt 9: BC@:8,hr go e. 


For if not, let Y= or 4 @ 5 
then, B@: MM = @ : @ (8. 5. pr.7) or 
¥:8@ 23 @: M(B. s. pr. 8) and (invert.), 
which is abfurd according to the hypothefis. 
- & is not = or TJ @; and 
*.. B|mutb C ®. 


Again, le §: @CH: | 
then, @ 2 oe. 
For if not, @ muft be 2 or = LF 


then J: @ I HW: W (8B. 5. pr. 8) and (invert); 
o i: @ = BW: & (8.5. pr.7), whichis abfurd(hyp.); 


Le Qisrc Co ey, 
and .°. @ muit be [J ye. 


.*. That magnitude which has, &c. 
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3 
\ 


mW! fame to each other. 


lt @:8—-@:6 and @ : J =. :e, 
then will @ : Jf —a4:e. 


For if M @ EC, =, o Bi Bj, 
then M @ EC, =, or W®, 
and ifM @ CL, =, or w®, 
fico Vi «yam, or eewre, (B. 5. det..s); 
“ifM Ea, Or ae? a a L_, Ser -) » ©, 
ence. (Beg. der.) @ > <2: ©. 


-*. Ratios that are the fame, &c. 


Pf 


WATIOS that are the fame to the fame ratio, are the 
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paw’ any number of magnitudes be proportionals, as 

K y) one of the antecedents is to its confequent, fo fhall 

) Nigeea| all the antecedents taken together be to all the 
=i confequents. 


Let @#:@=OU0:0=%4:9J=¢:1= ae, 
then will J : @ = 
M+O+O tots: @ +0404 r+0. 


For ifM Bp Cw @,thnM OC2#dO, 
and M > Cm @MeLmy, 
alfouMI a (5 wes ( Bap dehas) 

Therefore, if M Jj Co ~ @, then will 
MB +MO4MO+Me4Ma, 
o M (@ +O4+ © +e +4) be greater 
than @ +” Ota Otur+ne, 

om (@ FOG + +8). 


In the fame way it may be fhown, if M times one of the 
antecedents be equal to or lefs than m times one of the con- 
{equents, M times all the antecedents taken together, will 
be equal to or lefs than m times all the confequents taken 
together. Therefore, by the fifth definition, as one of the 
antecedents is to its confequent, fo are all the antecedents 
taken together to all the confequents taken together. 


.°. If any number of magnitudes, &c. 
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preeeaa! rhe firft has to the fecond the fame ratio which 
ine ) i] the third has to the fourth, but the third to the 

Y Nig! fourth a greater ratio than the fifth has to the 
Emailed Jixth ; the firft foall alfo have to the fecond a greater 
ratio than the fifth to the fixth. 


Let §:O= 8:9, 6¢CO:@, 
then 9: 0LO:@. 
For, becaufe JB: © CO: @, there are fome mul- 


tiples (M’ and m’) of JJ and ©, and of © and @, 
fuch that M’ §§ Cw’ 4, 


but M’ & not E mm’ @, by the feventh definition. 


Let thefe multiples be taken, and take the fame multiples 
of @ and (DD. 
eB. 5. dcio 5. mt We EE, or >] ~' OC; 
then will M’ (IC, =, or Fn’ 4, 
but M’ HC » © (conftruaion) ; 
Melo, 
but M’ oO is not LZ m’ @ (conftruction) ; 
and therefore by the feventh definition, 


¥:OLlSO:®@. 


.. If the firft has to the fecond, &c. 
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EE the frft has the fame ratio to the fecond which the 
third has to the fourth ; then, if the firft be greater 

than the third, the fecond fhall be greater than the 
{meet fourth ; and if equal, equal; and tf lefs, lefs. 


Let J: O:: OB: , and firlt fuppofe 
B9C HM, thrawillOc $. 


For @:O CB: O (8. 5. pr. 8), and byte 
hypothefs, YW: O =H: @; 

* MB: @CM: O86. s. pr. 13), 
id a) C) (Bes prio. er mes ¢. 
Secondly, let H = HH, then will D= . 

For: O=Be @ E sop 

and JY: OSH: > (hyp); 

ee ee 

and... ©) — ae (apie: 
Thirdly, if W 3 MH, thenwill OD 2 @; 
becaufe J (Cc * and @ :¢ = Pe; 
“- @ € OU, by the firtt cafe, 
that is, OS ¢. 


.*. If the firft has the fame ratio, &c. 
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Q|AGNITUDES have the fame ratio to one another 


\ which their equimultiples have. 


Let @ and 9 be two magnitudes ; 
thn, @: Hi ::M @:M @. 
For @: 8 —@: 8 
—@ :H 
=@6@ :H8 
ome -:4 @ 2 ee. «. pr. 12). 
And as the fame reafoning is generally applicable, we have 


©:H::M@:mM gg. 


.°. Magnitudes have the fame ratio, &c. 
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DEFINITION XIII. 


Tue technical term permutando, or alternando, by permu- 
tation or alternately, is ufed when there are four propor- 
tionals, and it is inferred that the firft has the fame ratio to 
the third which the fecond has to the fourth; or that the 
firft is to the third as the fecond is to the fourth: as is 
fhown in the following propofition :— 


Le @:O:: WO: Bb. 


by “ permutando” or ‘alternando 
inferred @: WH:: @: MH. 


It may be neceflary here to remark that the magnitudes 
Tr 2 ww, B, mutt be homogeneous, that is, of the 


fame nature or fimilitude of kind; we mutt therefore, in 


+B. 


it is 


fuch cafes, compare lines with lines, furfaces with furfaces, 
folids with folids, &c. Hence the ftudent will readily 
perceive that a line and a furface, a furface and a folid, or 
other heterogenous magnitudes, can never ftand in the re- 
lation of antecedent and confequent. 
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- F four magnitudes of the fame kind be proportionals, 
they are alfo proportionals when taken alternately. 


Le @:O:: BB: @. thn B:H::O: @. 


For M §:MOC:: we: U (B. 5. pr. 15), 
andM W:MO:: Mh: @ (hyp.) and (Baee pr. 11): 
alfom Gj: @:: Be: @ (B. 5. pr. ays 
2 MM ey: MU ::m Bh: € CE. Gemon 14); 
and ..1fM GC, =, or Dm i. 
then will M CJ 2, =, or Fm ©& (B. 5. pr. 14); 
therefore, by the fifth definition, 


V:@:: 0: ¢. 


.°. If four magnitudes of the fame kind, Xc. 


182 BOOK V. DEFINITION XVI. 


DEFINITION XVI. 


Divipenpo, by divifion, when there are four proportionals, 
and it is inferred, that the excefs of the firft above the fecond 
is to the fecond, as the excefs of the third above the fourth, 
is to the fourth. 


ewes: Boe am 
by ‘‘ dividendo ” it is inferred 
A minus B: B::C minus D: D. 


According to the above, A is fuppofed to be greater than 
B, and C greater than D; if this be not the cafe, but to 
have B greater than A, and D greater than C, B and D 
can be made to ftand as antecedents, and A and cC as 
confequents, by ‘ invertion ” 


BA Dp - Ge 
then, by ‘‘dividendo,” we infer 
Biminus A 24520 minusc “ee 
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ala magnitudes, taken jointly, be proportionals, they 
8) Myra] Jal! allo be proportionals when taken feparately : 

e re) that 1s, if two magnitudes together have to one of 
eee’) f/0) the fame ratio which two others have to one 
f shef the remaining one of the firft two fhall have to the other 
the fame ratio which the remaining one of the laft two has to the 


other of thefe. 


let 9+0:0:: B+ @: ¢, 
then will YW: UO :: BB: $. 


Take M YC U to each add MO, 
then we have M @+MOC#O+MO0, 
om (Pep Oe @ + ™M) ©: 
but becaue BW + O:U0:: + @: @ (hyp.), 
and M (9+ O)C (#+M)O; 
M(B + 4) (+) @ (B. 5. def. 5); 
~“MB+MO@C~$9+M 4; 

“, MB Cm ¢, by taking M @ from both fides: 
that is, when M YC” O, thoaM HOw}. 


In the fame manner it may be proved, that if 
M @ =ora~ OC, then will M § sora @ ; 
and .*, BY: :: BB: @ (B. 5. def. s). 


.. If magnitudes taken jointly, &c. 
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DEFINITION XV. 


‘THE term componendo, by compofition, is ufed when there 
are four proportionals ; and it is inferred that the firft toge- 
ther with the fecond is to the fecond as the third together 
with the fourth is to the fourth. 


Let. Be DP 


then, by the term ‘‘ componendo,” it is inferred that 


A-+-B:B::( -D:D. 


By ‘“invertion” B and D may become the firft and third, 
A and © the fecond and fourth, as 
Beste ee 
then, by ‘‘ componendo,” we infer that 


BP Aj As) ae oe 
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mF magnitudes, taken feparately, be proportionals, 
they fhall alfo be proportionals when taken jointly : 
ENS) WES] that is, if the firft be to the fecond as the third is 
Beatie) ro the fourth, the firft and fecond together shall be 
to the fecond as the third and fourth together 1s to the fourth. 


Let Y:O::8: ©, 
then 9 +0:0::8 + 6: @; 
for if not, lee W+O:UO:: 7 + @: @, 
fuppofing @ nt = ©; 
- 8: O::  : @ (B. 5. pr. 17); 
but 8: O:: BM: (hyp); 

. H:@:: BB: (8. s. pr.11); 
“. @ = @ (8B. 5. pr. 9) 
which is contrary to the fuppofition ; 
5 @ is not unequal to @ ; 
that is @ = @; 
~ 9+0:0:8+¢: >. 


.*. If magnitudes, taken feparately, &c. 
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HE a whole magnitude be toa whole, as a magnitude 
| taken from the firft, is to a magnitude taken from 
| the other; the remainder fhall be to the remainder, 
Bas the whole to the whole. 


Let +O: M+ Oo: Om, 
then will: @::9+O0:B + @. 
For +O: BM + Om (alter) 

“OO: 9:: ©: (divid.), 
again CT): ® :: @ : EB (alter.), 
bu +0 M+ O:: Oo hyp); 
therefore J: © :: 9 +O0:8 + @ 
(B. gas Dien) 


.*. If a whole magnitude be to a whole, &c. 


DEFINITION XVII. 


Tue term ‘“convertendo,” by converfion, is made ufe of 
by geometricians, when there are four proportionals, and 
it is inferred, that the firft is to its excefs above the fecond, 
as the third is to its excefs above the fourth. See the fol- 


lowing propofition :— 
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pemel four magnitudes be proportionals, they are alfo 
proportionals by converfion: that 1s, the firft is to 
| pa) its excefs above the fecond, as the third to its ex- 
 cefs above the fourth. 


Let @O: On MO: 4, 
then thal @O:@: BO: OB, 


Becaule @O: O:HO: 4; 
therefore @: O:: KE: @ (divid.), 
 O:@ 3: ©: Hy (inver.), 
“00:06 :: BO : BB (compo). 


.°. If four magnitudes, &c. 


DEFINITION XVIII. 


“Ex equali” (fc. diftantia), or ex equo, from equality of 
diftance: when there is any number of magnitudes more 
than two, and as many others, fuch that they are propor- 
tionals when taken two and two of each rank, and it is 
inferred that the firft is to the laft of the firft rank of mag- 
nitudes, as the firft is to the laft of the others: ‘of this 
there are the two following kinds, which arife from the 
different order in which the magnitudes are taken, two 
and two.” 
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DEFINITION ree 


“ Ex equali,” from equality. This term is ufed fimply by 
itfelf, when the firft magnitude is to the fecond of the firft 
rank, as the firft to the fecond of the other rank; and as 
the fecond is to the third of the firft rank, fo is the fecond 
to the third of the other; and fo on in order: and the in- 
ference is as mentioned in the preceding definition; whence 
this is called ordinate proportion. It is demonftrated in 
Book 5. pra22s 


Thus, if there be two ranks of magnitudes, 
A, B, @,90> 2 Pethemntit rank: 
and L, My, NOP, Othe fecand: 
fuch that A: B:: Lo M, B: C2: \) ae 
C:DiiN:0;, DiEI Oo? 2 he ewer 
we infer by the term ‘ex equali” that 
APO. 


BOOK V. DEFINITION XX. 189 


DEFINITION XxX. 


“Ex equali in proportione perturbata feu inordinatd,” 
from equality in perturbate, or diforderly proportion. This 
term is ufed when the firft magnitude is to the fecond of 
the firft rank as the laft but one is to the laft of the fecond 
rank ; and as the fecond is to the third of the firft rank, fo 
is the laft but two to the laft but one of the fecond rank ; 
and as the third is to the fourth of the firft rank, fo is the 
third from the laft to the laft but two of the fecond rank : 
and fo on in a crofs order: and the inference is in the 18th 
definition. It is demonftrated in B. 5. pr. 23. 


Thus, if there be two ranks of magnitudes, 
Abe, Dgeees the firth rank, 
and) IeeiceN. ©, , ©. the fecond, 
itemthat A - BPO, Bac::O-:P, 
eae: N- O, D> ER eve Nee: Fc: LM; 
the term ‘ex equali in proportione perturbata feu inordi- 


nata” infers that 
Ao: be: ie OU. 
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Be there be three magnitudes, and other three, which, 
) an taken two and two, have the fame ratio; then, if 
ay WE the Jirft be greater than the third, the fourth fhall 
ell 0 greater than the fixth ; and if equal, equal; 
and if lefs, lefs. 


Let BY, OC, MM, be the firft three magnitudes, 
and @,O, @, be the other three, 
fuch that BH 15 :$:0O,adO 4 :: O28 
Then, if Y , =, or I M, then will @ C, =, 
or] @. 
From the hypothefis, by alternando, we have 
¥:9:0:0, 
ad(J:©:: BP: @; 
9: :: BB: @ CB. 5. pr. 11); 
” if FC, =, or FM, then will @ =, 
or] @ (© 5. pea: 


.°. If there be three magnitudes, &c. 
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mag there be three magnitudes, and other three which 
\ f have the fame ratio, taken two and two, but in a 
} WE crofs order ; then if the firft magnitude be greater 
Hee) than the third, the fourth fhall be greater than the 
fixth ; and if equal, equal; and of lefs, lefs. 


Let @, @, HW, be the firft three magnitudes, 
and @, ©, @, the other three, 
fach that B:@::© :@, and @: MM :: @: ©. 


hen =, or =] WB, then 
wl@o=3@. 


Firft, let WH be = HM: 
then, becaufe @ is any other magnitude, 
¥:& CH: @ (8.5. pr. 8); 
but @> : @:: BW: & (hyp.):; 

oO (SE xa’. 5: pr 13); 
and becanfe @ : MH ::@ : © (hyp.); 
.B:@::O:@ (irv.), 
and it was fhown that(> : @ CRE: @, 
Ce © OX. 52 pr. 13); 
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.@ a6, 
thatis® CC @. 

Secondly, let @ = 95 then hall @ =. 
For becaufe @ = §, 
w:&=—H: @ (BZ. s. pr. 7); 
but ® : a—©: @ (hyp.), 
and fh: @=C: @ (hyp. and inv.), 

2 OMe = On @ : 5.20 
> — a (Eee 
Next, let @ be [] QM, then @ shall be @ ; 


for BC F, 
and it has been fhown that §: @ = Ce @, 


and @: @=—@: 0; 
.*. by the firft cafe @ is (Ff @; 
that is, > 2a @. 


. if there be threemacc. 
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BelE there be any number of magnitudes, and as many 
: | others, which, taken two and two in order, have 
MEE| the fame ratio; the firft fhall have to the laft of 

ee jitft magnitudes the fame ratio which the firft 
f ee ee has to the laft of the fame. 


N.B.— This is ufually cited by the words “ ex equalt,” o 


‘Sex equa.” 


Firft, let there be magnitudes BH, @, MH, 
and as many others @:0:; @., 


fuch that 
8 O::O °C; 
and@:H::0:@; 
then hall B®: ::@ :@. 
Let thefe magnitudes, as well as any equimultiples 


whatever of the antecedents and confequents of the ratios, 
ftand as follows :— 


9:0:8,9650>86, 


and 
M@U,.7@ NEMO.70,N@, 
becaufe ® :@:: ® Pou 
MB 7@::M &:7© (B. 5. p. 4). 
For the fame reafon 
m@:-N® 2m O >-N@;3 


and becaufe there are three magnitudes, 
Gigs 
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M®@, @N B, 
and other three, M @, m DN, 
which, taken two and two, have the fame ratio ; 
. EME, =, «aie 
then will M @ , =, or TN @, by (B. 5. pr. 20); 
and .°. WY : M:: © : @ (def. 5). 


Next, let there be four magnitudes, @, @, |, @, 
and other four, >, @, mm, a, 
which, taken two and two, have the fame ratio, 
that is to fay, ® : ee ci: @. 
@:8::@:s, 
and i: @ :: mm: a, 
then hal BW: Oi: Oia; 
for, becaufe BH, }, §), are three magnitudes, 
and ), @, ™, other three, 


which, taken two and two, have the fame ratio; 
therefore, by the foregoing cafe, ® : @ :: O:m, 
but HP: @ :: a: a; 
therefore again, by the firft cafe, @ : @:: ©: 4; 


and fo on, whatever the number of magnitudes be. 


.. If there be any number, &c. 
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mE chere be any number of magnitudes, and as many 
i] others, which, taken two and two in a croft order, 
Wiea| have the fame ratio; the firft fhall have to the laft 
Breas of the firft magnitudes the fame ratio which the 
fof of the others has to the laft of the fame. 
N.B.—This ts ufually cited by the words ‘ex equal in 


2? 


proportione perturbatéa ; ERE OTD perturbato.” 


Firft, let there be three magnitudes, @,O), I, 
and other three, ©, O, @; 


which, taken two and two in a crofs order, 


have the fame ratio; 
that is, BW:O::O:@, 
and() :#:: @:0O:; 
then fhall @: 9 :: @:@.- 


Let thefe magnitudes and their refpective equimultiples 


be arranged as follows :— 
Aer le om FE 
MW™LMO,“OLM4,76,7@, 
ieoeae ; () aM Bp : MOB .as. pr. 15); 
and for the fame reafon 
O:@ 27 :@; 
hue «> : @uhyp.), 
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Me M@ oO ep ies pr. ie 
and becaufe () : fH :: @ : © (hyp.), 


* MO: Bs: @: «=O (8 5 pra 
then, becaufe there are three magnitudes, 
M 9, M B; m | # 
and other three, M @,7 ©," @, 


which, taken two and two in a crofs order, have 


the fame ratio; 
“ therefore, if M Jl, =, or Im ff, 
then will M } CC, =, or] a QS. 54e7 2 
ands, WD: ME :: @ : @ (8. 5. def. 5). 
ee let there be four magnitudes, 


9.0, 8, ¢, 
and other four, >, @, mm, @, 


which, when taken two and two in a crofs order, have 
é 


the fame ratio; namely, 
3 :-UO:: ma, 
O:8:: @: m, 
and H:$@::0O:@, 
then thal B®: @::O: a. 


For, becaufe W, OU), OH are three magnitudes, 
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and @ , Mg, A, other three, 


which, taken two and two in a crofs order, have 


the fame ratio, 


therefore, by the firft cafe, @ : @::@:a, 


but HH: 2 @. 
therefore again, by the firft cafe, W : © ce des 


and fo on, whatever be the number of fuch magnitudes. 


.. If there be any number, &c. 
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EEE the firft has to the fecond the fame ratio which 
Nia) the third has to the fourth, and the fifth to the 
Jecond the fame which the fixth has to the fourth, 

Reel the firft and fifth together fhall have to the Jecond 
the fame ratio which the third and fixth together have to the 
fourth, 


First. Second, Third. Fourth. 
v oO = ¢ 
Fifth. Sixth 


Let gy: O:: B: @, 
and :O:: @: ©, 
tha @+06:0:: B+ @: @. 
For :O:: @:  (hyp.); 
and (7: @:: @: HB (hyp.) and (invert.), 
“ Os :: @: BS. 5:5. 228 


and, becaufe thefe magnitudes are proportionals, they are 


proportionals when taken jointly, 


~~ FtO:0: O+ HB: O (8. s. pr. 18), 
but O: O:: @: @ (hyp-), 


~ 9+0:0:: O+ HB: @ (Bs. 5. pr. 22). 


.*. If the farit, &c. 
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' BV, F four magnitudes of the fame kind are propor- 


ay 4 


Rye) fionals, the greateft and leaft of them together are 
ase) greater than the other two together. 


Let four magnitudes, BH + UO, H+ @, OU, and ¢, 


of the fame kind, be proportionals, that is to fay, 
@t+0:8+4¢::0:¢4, 
and let @ ++ UO) be the greateft of the four, and confe- 
quently by pr..A and 14 of Book 5, ¢ is the leaft; 


then wil BW +O+ O bo et+ét+oOU; 
becaufe BW + OU: g+@¢::0: ¢, 
oO: w+O: w+ @ (8. 5. pr. 19), 
bt +O B+ @ (hyp), 


“YC BBB. 5. pr. A); 
to each of thefe add TF) + ©, 
~F+tO+¢eC gtO+ ¢. 


.. If four magnitudes, &c. 
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DEFINITION X. 


WueEn three magnitudes are proportionals, the firft is faid 
to have to the third the duplicate ratio of that which it has 
to the fecond. 


For example, if A, 1}, C, be continued proportionals, 
that is, A: 13 ::B:C, A is faid to have toC the dupli- 


cate ratio of A: B; 
A A 
or — = the fquare of =. 

ww 


This property will be more readily feen of the quantities 


9 Q 
aM? 5a, 800 ar Fee oe oye 


i Tn ar: 
and — ==77 == the fouareos —— ee 
res df 
or ofa, 7r,ar’; 
a I a I 
for — == = = the {quare of — = -. 
e a ie a : 


DEFINITION XI. 


Wuen four magnitudes are continual proportionals, the 
firft is faid to have to the fourth the triplicate ratio of that 
which it has to the fecond; and fo on, quadruplicate, &c. 
increafing the denomination {till by unity, in any number 


of proportionals. 

For example, let A,!}, C, D, be four continued propor- 
tionals, that is, A: B ::B:C ::C: D; A is faid tohae 
to D, the triplicate ratio of A to B ; 


i A 
r5= the cube of -. 
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This definition will be better underftood, and applied to 
a greater number of magnitudes than four that are con- 
tinued proportionals, as follows :— 


Letar*,21+°sar> 4, be four magnitudes in continued pro- 
portion, that is,@7* tar? tiar’ tar ttar 34 
3 cok 
a? E ar 
fhe ———="7" == tie cube of —— = +. 
a ar 
Or, let 27°, ar*, ar’, ar’, ar, a, be fix magnitudes in pro- 
portion, that is 
5 A 4 3 3B 


Pee ar ar 8 ar sar Sar sar stiar: a, 


Oe 2 ar 
then the ratio — = r? = the fifth power of — a 
a ar 


Or, let a, ar, ar’, ar’, ar*, be five magnitudes in continued 
1 


5 a a 
roportion; then — = — == the fourth power of — =-. 
Nai ‘ ar’ ee s ar 


DEFINITION A. 


To know a compound ratio :— 

When there are any number of magnitudes of the fame 
kind, the firft is faid to have to the laft of them the ratio 
compounded of the ratio which the firft has to the fecond, 
and of the ratio which the fecond has to the third, and of 
the ratio which the third has to the fourth; and fo on, unto 
the laft magnitude. 


Peeeanplicif A,B,C, DD, ———————_ 


be four magnitudes of the fame ABCD | 
kind, the firft A is faid to have to poeeG HK L 
the laft D the ratio compounded MN 


of the ratio of A to B, and of the 
ratio of B to C, and of the ratio of C to D ; or, the ratio of 
DD 
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A to 1) is faid to be compounded of the ratios of A toB, 
5 tome , amadrC to D: 

And if A has to B the fame ratio which | has to F, and 
B to C the fame ratio that G has to H, and C to D the 
fame that K has to L; then by this definition, is said to 
have to D the ratio compounded of ratios which are the 
fame with the ratiosof E to F, G toH, and K toL. And 
the fame thing is to be underftood when it is more briefly 
expreffed by faying, A has to D the ratio compounded of 
the ratios of E to F, G to H, and K to L. 

In like manner, the fame things being fuppofed; if Vi 
has to \ the fame ratio which A has to D, then for fhort- 
nefs fake, \i is faid to have to \ the ratio compounded of 
the ratios of E to F, G to H, and K to L. 


This definition may be better underftood from an arith- 
metical or algebraical illuftration ; for, in fact, a ratio com- 
pounded of feveral other ratios, is nothing more than a 
ratio which has for its antecedent the continued product of 
all the antecedents of the ratios compounded, and for its 
confequent the continued product of all the confequents of 
the ratios compounded. 


Thus, the ratio compounded of the ratios of 
2 tals as 0 ONE) 2 
is the ratio of 2 X 4X 6 X 2:3 X 7g ae 
or the ratio of 96 : 1155, of 72uauanGe 


And of the magnitudes A, B, C, D, E, Fy) O@pmiemiame 
kind, A : F is the ratio compounded of the ratios of 
A:B, B: C, 2D), Dee hae 


for A XBXCXDXE:BxXCX DGheae 


a ee << DOK 


Ot ToD CE or = PO the ratio Of eae 
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WATIOS which are compounded of the fame ratios 


are the fame to one another. 


Wer A: 8 :: F: G, 
Rete GH, A BC DE 
i eK, PG How i 
mice: Bs K: L. 


Then the ratio which is compounded of the ratios of 
faa: C, C:D, D:E, or the ratio of A: FE, is the 
fame as the ratio compounded of the ratios of F: G, 
Bee i: K, kK: L, of the ratio of F: L. 


A F 

BH G 

cams 

a 

D me? 

D kK. 

and — a3 
et eG ee (et 10) FXGXHXK 
Men ect) SCE, (Se ei Ve 


A 
aviral .o. t= 


or the ratio of A: E is the fame as the ratio of F: L. 


The fame may be demonftrated of any number of ratios 
fo circumftanced. 


Nextesict A B22 kK: L, 
ee ae i, 
ee oo: Fi, 
Ip) 18, es IP eee 
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Then the ratio which is compounded of the ratios of 
A: B, B:(% C:D, D:E, or the ratio ofA : E,ieuees 
fame as the ratio compounded of the ratios of » :L, I1:1, 
(,: H, F :G, or the ratio? Fe 


Ameren as 
For > = _> 
a 
ee. ie 
eG 
iD ean aay 
and = = _; 
nh Cs 


~ AXE XOCxXD 2 xX Weep es 
“° BXOXD XE — Lb ORS 


, AE 
and .°, oS ee 
or the ratio of A: F is the fame as the ratio of F : L. 


es Ratios which are compounded, &c. 
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wae feveral ratios be the fame to feveral ratios, each 
be) fa y to each, the ratio which is compounded of ratios 
} i ye which are the fame to the firft ratios, each to each, 
wll hall be the Jame to the ratio compounded of ratios 
which are the fame to the other ratios, each to each. 


hen Gf) E FG H mo OoR 3 1 
| reece d ¢ f 2 h Yow XY 7 
Meee sca: 6 | andA:B::P:Q)a:6:: ¥ : W 
Ore >: cid CP BO ie pd 2s WA 
eee c.f eee ee NY 
emeeG - lis: g: A CS sri ola seem ery 4 
then ee ea: 
ee ee 
eS eer 
OES ee 
lec - eee 
Oy ene hee eae. S 
ae fe 
ae a Se Y. 
aa weak ye? 

Pome, 2 ND XR OE a x Xe 
mass ST WX KY KL? 
and a2 Se 

1 7 
Ot Dea YZ, 


.°. If feveral ratios, &c. 
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SG) a ratio which 1s compounded of feveral ratios be 
the fame to a ratio which 1s compounded of Jeveral 
other ratios ; and if one of the firft ratios, or the 
| +atio which is compounded of feveral of them, be 
the fame to one of the laft ratios, or to the ratio which 1s com- 
pounded of feveral of them ; then the remaining ratio of the firft, 


or, if there be more than one, the ratio compounded of the re- 


maining ratios, fhall be the fame to the remaining ratio of the 
laft, or, if there be more than one, to the ratio compounded of thefe 


renutmMmg ratios. 


4 BOC 1D. Babee 
P  (ReCmION 


Let A: B, B:?C, C:D, DE, EE: Re eee 
be the firft ratios, and P:Q, Q:R, R:5, 5 Dee 
the other ratios; alfo, let A : H, which is compounded of 
the firft ratios, be the fame as the ratio of P : X, which is 
the ratio compounded of the other ratios; and, let the 
ratio of A : E, which is compounded of the ratios of A: B, 
B:C, C:D, D:E, be the fame as the ratiovony) ae 
which is compounded of the ratios P: Q, Q: R. 


Then the ratio which is compounded of the remaining 
firft ratios, that is, the ratio compounded of the ratios 
E:F, F:G, G:H, that is, the ratio of E:H, fhalithe 
the fame as the ratio of R: A, which is compounded of 
the ratios of R:5, $:T, T: X, the remaining woman 


ratios. 


BOG). PROP. H. THEOR. 


Becaufe - 


Mano Cc XD 1S Panlerticge WW 
Remax: X pxaxn = axe X 


or 
apace > DD 


n Sonat 
Ne agence a DI Re 
) GeO REX G So Roe x 
PONENTS SSB See Sa 
ees 
Dio Cte 


.. Ifa ratio which, &c. 
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epee there be any number of ratios, and any number of 


Ruy) other ratios, fuch that the ratio which 1s com- 
pounded of ratios, which are the fame ta the firft 
ota ratios, each to each, ts the fame to the ratio which 
*s compounded of ratios, which are the fame, each to each, to 
the laft ratios—and if one of the firft ratios, or the ratio which 
1s compounded of ratios, which are the Jame to feveral of the 
Jirft ratios, each to each, be the fame to one of the laft ratios, 
or to the ratio which ts compounded of ratios, which are the 
fame, each to each, to feveral of the laft ratios—then the re- 
maining ratio of the firft; or, if there be more than one, the 
ratio which is compounded of ratios, which are the fame, each 
to each, to the remaining ratios of the firft, fhall be the fame 
to the remaining ratio of the laft; or, if there be more than 
one, ta the ratio which ts compounded of ratios, which are the 
Jame, each to each, ta thefe remaining ratios. 


Z 


h & mo mes 
AB, CD, EF,GH, KL,MN, « 0 @ijye 
| OP, QR, ST, YWoeE, hkIimup 
a b cd o te 


Let A:B, C:D, E:F, G:H, K:L, Mt Nee 
firft ratios, and 2:P, Q:R, 5:71, V : Woe 
other ratios ; 


and let A) Rw=228- 
(CLD) == > Fe. 
EGF 224-2. 
G?H =ae 
Ko: Lb Sa 
MN S47 
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Then, by the definition of a compound ratio, the ratio 
ofs ig is compounded of the ratios of 7:4, 4%¢.c%ds dies 
cif fig which are the fame as the ratioof A: B, C:D;, 


peer, G:H, K:L, M:N; each to each. 


Alor PR = a 2k, 

aoe Ses /, 
a fee 
Voiw mm m:n, 
er av) = 1: p. 


Then will the ratio of 4:p be the ratio compounded of 
the ratios of 4:2, &:1, /:m, m:n, n:p, which are the 
fame as the ratios of 0 :p, OR; STs Vien Y > 
each to each. 


.. by the hypothefis ,:. = A:p. 


Alfo, let the ratio which is compounded of the ratios of 
fee), tivo of the frit ratios (or the ratios of ;:¢, 
[oa ese 4.7, and C:7) = 4:,), be the fame as the 
ratio of a:d, which is compounded of the ratios of a:b, 
Mec, ¢:d, which are the fame as the ratios of O :P, 
mR,.S:T; three of the other ratios. 


And let the ratios of h:s, which is compounded of the 
ratios of h:k, k:m, m:n, n:s, which are the fame as 
tiie remaining firft ratios, namely, E:F, G:H, K:L; 
M:N ; alfo, let the ratio of e: g, be that which is com- 
pounded of the ratios e: f, f: g, which are the fame, each 
to each, to the remaining other ratios, namely, VY :\W, 
w :¥. Then the ratio of h:s fhall be the fame as the 
feaerofe:¢; or h:s => e:g. 


Poasexc XE XG XK XM _. 2XsXeXaXeXs 
DEX P XTX N ~ bX eX dk eX FX g’ 


EE 
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OX OX SKN RED Xie: 


and PX RX PWC y Ge ABU re 


by the compofition of the ratios ; 


oO BAS URS BUS GOS Gk . Ah x eae ) 
" eXexXdXexsxe kX OemX wpe 


ye aes cx xXe xf — Xe x x =e 
&bXe CLES @ USP 2S “~ kRXLKm n Xp’ 
but 7b — Az See x x ae exe — heres 
bxXe” BXD” #-PXRXT” &£«>DXcxXd See 
. Ces ISG IR fF a MS 
So kh Meexye xe 2a 
@ Me Me hE —. lx IK Mim Se i , 
And axe xXFXe = XH Ke 
Hoey —. © >< it 
and a Eee (hyp.), 


.°. If there be any number, &c. 


*.* Algebraical and Arithmetical expositions of the Fifth Book of Euclid are given in 
Lyrne’s Doctrine of Proportion; published by Wruttams and Co. London. 1841. 


ee Bee eee 


ple 


selma 


ae Bn ee ae. 
BOOK VI. 
Deri NITIONS: 


I. 
AE CTILINEAR A 


figures are faid to 


: be fimilar, when 


= they have their fe- 


veral angles equal, each toeach, 
and the fides about the ‘ 
angles proportional. 

II. 


Two fides of one figure are faid to be reciprocally propor- 


tional to two fides of another figure when one of the fides 
of the firft is to the fecond, as the remaining fide of the 
fecond is to the remaining fide of the firft. 


III. 
A sTRAIGHT line is faid to be cut in extreme and mean 
ratio, when the whole is to the greater fegment, as the 


greater fegment is to the lefs. 


IV. 


Tue altitude of any figure is the straight line drawn from 
its vertex perpendicular to its bafe, or the bafe produced. 
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PPPARIANGLES 
and parallelo- 
grams having the 
) fame altitude are 
to one another as their bafes. 


Let the triangles | and \ 


have a common vertex, and 


their bafes asm and === 


in the fame ftraight line. 


Produce smemmes=== both ways, take fucceflively on 
== produced lines equal to it; and on s—meme pro- 
duced lines succeffively equal to it; and draw lines from 


the common vertex to their extremities. 


The triangles thus formed are all equal 


to one another, fince their bafes are equal. (B. 1. pr. 38.) 


and its bafe are refpectively equi- 


multiples al and the bafe —————= , 


BOGre7!. PROP. I. THEOR. 2a 


In like manner 


and its bafe are refpec- 


and the bfe ———" , 


tively equimultiples of 


.. If mor 6 times fe es Or a) er 6 ules 
then m or 6 times ———— [= or Tj or § times—nr= , 
m and » ftand for every multiple taken as in the fifth 
definition of the Fifth Book. Although we have only 
fhown that this property exifts when m equal 6, and x 
equal 5, yet it is evident that the property holds good for 


every multiple value that may be given to m, and to 2. 


AA Sp meee (B.S. def. 5.) 


Parallelograms having the fame altitude are the doubles 
of the triangles, on their bafes, and are proportional to 
them (Part 1), and hence their doubles, the parallelograms, 


@vceacethieir bafes. (B. 5. pr. 15.) 
Q. E. D. 


of 
e 
or 
e 


21k BOOK VI. PROP. [1 “THOR. 


ep mE a fraight line 
i cae be drawn parallel to any 
HAS fide eenssauvens of a iri 


EiesiiA angle, it fhall cut the other 
hides, or thofe fides produced, into pro- 
portional fegments. 


And if any fraght nt —— 
divide the fides of a triangle, or thofe 
fides produced, into proportional feg- 
ments, it is parallel to the remaining 


TRB coe oo. 


So caeomecewe tives 


PART i 
Let |] <s2emanee, then fhall 


and ae = XN (B. 1. pragma 


fo aa : Se, oo & 2 i, (B.5. preg ieue 
s “e " = % 
a ee * 
| : i, SS me Sewer (B. 6, praaee 
- 


ee e 
ai ed tauscsouene «6.6 goeousetesena o UsateIham sme 


(Bs. ap camila): 
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PART II. 


Let ——— S$ mesescsume $8 cemecnne : 2 OIC 


then Ee {| semnenms 


Let the fame conftruction remain, 


Lm a 
becautfe eae S ae ee eee . ; | 3 2 : a | 
s 


but ——§ sa8 6 em mn na aonb mama . ma@caogeterer (hyp.), 
Ly Pe os + : 7 (Eagar. br.) 
-_* ‘ i 
: = “J (B. 5. pr. 9); 


but they are on the fame bafe sssssem= . and at the 
fame fide of it, and 


. {| maeeccucan (B: I. pr. 29): 


(O) 19 IY 
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) RIGHT fine ( —ome ) 
Fl bifecting the angle of a 


Pd Es . 
re 


triangle, divides the op- 


eS pofite fide into Segments 
, coeennee ) proportional 


—— 
to the conterminous fides ( .o_—_#»,n 5 


And if a firaight line ( ) 
drawn from any angie of a triangle 
divide the oppofte fide (——mssesse) 

Peper 3 into fegments ( g <oneunsese) 
proportional to the conterminous fides (:mmamcmmmas a), 


it bifects the angle. 


RAR Tasl: 


, tO Meet <waveem enn 5 


Draw mBnoowuns {| 


then, & es d (B. 1. pr. 29), 
a b = d: bo D = q = 


(B. 1. praoye 


and becaufe -ommmswsume {I stneeccemes 
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PART II. 


Let the fame conftruétion remain, 


(iS nomepr. 2); 


2) meee cee hyp.) 


and 


but ee 5 Wee 


(Soaseer. ti). 


and , ve susnecseee So (B. S. pr. 9 9), 


y= q Bei br9s), (but ince 
t] mencanmam A —- q 


and d = 4s. Teet20) ; 


a E> | and d = b. 
bifeéts a. 


Ose. D. 


aiicueas. 
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a A 
¢ 
ae OMA: rf ( 
At uD: a 

oa at — . : 
» x and gt) the fides 
ae \ about the equal angles are pro- 

ha SY ° 4 

” *, portional, and the fides which are 


oa oppofite to the equal angles are 
r | ..-....... . homologous. 


Let the equiangular triangles be fo placed that two fides 


en, Seem Oppofite to equal angles Po and 


<AY may be conterminous, and in the fame ftraight line; 
and that the triangles lying at the fame fide of that ftraight 


line, may have the equal angles not conterminous, 


ive y oppofite to y * and A to A. 


Draw ~encorenes and . Then, becaufe 
A - A. corre || martes (B.1. pr. 28); 
and for a like reafon, csceecsnn: J] mmm ccerory 


ee ce oe is a parallelogram. 


But —eoes SS meee etsee ae muons § ‘eemecans 


(Boomers): 


BeOm yl. PROP. 1’. THEOR. 2G 


and fince = (BK. 1. pr. 34), 
ee TTT a : amtosenmmas 5 and by 
alternation, A LL ¢ tsereemees o 

(B. 5. pr. 16). 


In like manner it may be fhown, that 


cmmememmam ‘To mmccseiseus oo i \aesutaweunse 5 


and by alternation, that 


SS is ameezeoscnan : smeprnacans 


but it has been already proved that 
comms 9 «8 8 mememecees & cazenscence : 
and therefore, ex «quali, 
(Bac. pr. 22), 
therefore the fides about the equal angles are proportional, 
and thofe which are oppofite to the equal angles 


are homologous. 


OoE. D. 
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Pepe eg E two triangles have their fides propor- 
tional ( ¢sseaasam $ esecasssu= 


) and 


(metssuremes 2 wcocnane= 


i ) they are equiangular, 
the equal angles are fubtended by the homolo- 
gous fides. 


From the extremities of oe draw 


and -necacse =, making 


We A. 
W = Aa (B. 1. prea 
and confequently v = y (B. 1 piee 


and fince the triangles are equiangular, 


but aageutssuem § smemamme 3% 
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Therefore, the two triangles having a common bafe 


, and their fides equal, have alfo equal angles op- 


pofite to equal fides, i. e. 


y we L\ = \ eae 8), 


But = A (conit.) 
amd se. A = A. for the fame 


reafon LA 4a. and 
confequently b = A (Bert 92); 


and therefore the triangles are equiangular, and it is evi- 


dent that the homologous fides fubtend the equal angles. 


Q. E. D. 


BOOK! I. PROPOV ET 


TEHEOR 


e 


4 
/* angle ( A ) of the one, equal to one 


t 
a 
s 
4 
t 
s 
t 
a 


angle Ri of the other, and the fides 


hj 
about the equal angles proportional, the 
& triangles Shall be equiangular, and have 


thofe angles equal which the homologous 
Jfides fubtend 


From the extremities of 


) 


one of the fides 
I. about f\ draw 
Sees aii 


“e making 
ome 
(Bade 


WV A and WW = A; nr Qe 4 
- 32), and two triangles being equiangular, 


 4)3 


and confequently -csee:rsss 


(Bo 5 spGaenn) 
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- 
Ae EN = * in every refpect. 


(ER oDr. A)). 


But W = y (conft.), 
and .°, hs pears MA: and 


fince sr 8 == A. 
Z\ — 4 (Be spie te); 


o% 
ee and va A. are equiangular, with 
an fi x) wm eapmae whe an al 8g : 


their equal angles oppofite to homologous fides. 


OED: 


224 
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F two triangles ( and 
dé oo 
oe e* 
 s oo % 
fot Zn. 


Sscu& ) have one angle in 


each equal <i equal to q ), the 


fides about two other angles proportional 


( scone $ qameme $f tevcenee & sweseae ) 


/ 


2 
fag@eae 


3 


and each of the remaining angles ( 7 


and A ) ether lefs or not lefs than a 


right angle, the triangles are equiangular, and thofe angles 
are equal about which the fides are proportional. 


Firft let it be affumed that the angles y and fa | 


are each lefs than a right angle: then if it be fuppofed 


that LZ and a contained by the proportional fides, 


are not equal, let LZ be the greater, and make 


A 6. 


Becaufe 4 = my (hyp.), and aA = dl (conft.) 


°, y = va (B. 2. pragene 


BOOST. PROP: VII. THEOR. 22\5 


ee ° : 
fatal ant eaawtedo ra Pre rb 


(Bap. pr. 4); 


but mm Seer reeeeen gssemanes= (hyp.) 


But y is lefs than a right angle (hyp.) 


as y is lefs than a right angle; and .°. a muit 


be greater than a right angle (B. 1. pr. 13), but it has been 


peoved == A and therefore lefs than a right angle, 


which is abfurd. .*. ral and aN are not unequal ; 
.". they are equal, and fince 4 == iN (hyp.) 


ae ay = a (B. 1. pr. 32), and therefore the tri- 


angles are equiangular. 


But if i and A be affumed to be each not lefs 


than a right angle, it may be proved as before, that the 
triangles are equiangular, and have the fides about the 


equal angles proportional. (B. 6. pr. 4). 


Q. E. D. 
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‘i N a right angled 
39); triangle 


iN ( ), if 
a cae (——— ) 
be drawn from the right angle 
to the oppofite fide, the triangles 


( yy 4 N ) on each fide of it are fimilar to the whole 


triangle and to each other. 


Becaufe & — r ie B. 1. ax. 11); ale 
y common to y \ and y 
| AN = | (B. 1. pr. 22) 
y N and | are equiangular; and 


confequently have their fides about the equal angles pro- 


portional (B. 6. pr. 4), and are therefore fimilar (B. 6. 
dete): 


In like manner it may be proved that N is fimilar to 


, 3 but Ma has been fhewn to be fimilar 
a, see | and Ny ane 


fimilar to the whole and to each other. 


roy ie, 1D). 


BEC rl. PROP. 1X. PROB. 22, 


BY ROM a given frraight line (—=-"") 
: | to cut off any required part. 


From either extremity of the 


given line draw smemmusaeess making any 
angle with s—eesseess= 3 and produce 
ewemeessesiss: till the whole produced line 


omens Contains === as often as 


—eewsews contains the required part. 


Draw 


, and draw 


is the required part Of sem -o«smo, 


For fince aUBeaRbrsaee \| Sa 


od 


(B. 6. pr. 2), and by compofition (B. 5. pr. 18) 


EET E asso f= weaEme 5S Se Wa Bano G er; 


but —mmeeseees contains =m ac often 
AS c===emeerrrss contains the required part (contft.) ; 


Sener CEC QMccdl part. 


OSEPD. 
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fimilarly to a 
‘ given divided line 


(———.). 


From either extremity of 
the given line —————— 
draw =seleusseeuannnnn 
making any angle; take 
vtcincteess 2 andl 


eronzcanmes equal (OQ eee . 
and —— = refpectively (B. 1. pr. 2); 
draw ——, and draw s=meemeass and 


a {| to it. 


Since { sessexere | ercalilr 


e 
® eee ee egegenwue 
ee ~ ° 


(B06: pia2)> 


Or ee (conft.), 


and —e——————_ 9 —— oe eccuneuan § eusnIiagRaeD 


(B. 6. pr. 2); 


oo mene (conft.), 


and .*, the given line ————-— 1s divided 


fimilarly to EE SS SS | 


Q. E. D. 
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229 


O find a third proportional 


Bea meee 
to two given firaight lines 


(em and —— ). 


At either extremity of the given 
line 


draw 


making an angle; take 


eum eeanar: = === g and 


Chany ——<—_— 


3 
[MKC amemeem 


and draw 


(Eee pha gt.) 


fees iS the third proportional 


to and Ee 
For fince eae iI Mh mee ala wee r 
(B. 6 pr. 2); 
but menmnaneee oom 8h taeesee es: ee (contt.) ; 
(Bross pin 7). 
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O find a fourth pro- 
portional to three 


given lines 


Draw 
and -—-~~sme\!= making any angle ; 
take memes So cneemene 
6 eee ; 
alo <_<  saansciiiens / 
draw ———, 
and esseasese= || —————; 
(By f. ipa; 


is the fourth proportional. 


On account of the parallels, 


) (Be On pic). 
bur {SESE} = {SS} (eons 
(Boece eiag 


BOG PROP XI. PROB. eet 


O find a mean propor- 
tional between two given 


frraight lines 


make —_—EEe: Le | OOP Bia 5 


and aaa a tisesssinaie bifect 


and from the point of bifection as a centre, and half the 


line as a radius, defcribe a femicircle \. 


draw Ai: als 


is the mean proportional required. 


IDA ccmeemammen? ANG <ssvecacio : 


Since is a right angle (B. 3. pr. 31), 


and _— is | from it upon the oppofite fide, 
oo mms 1S 2 mean proportional between 
———— and sees (B. 6. pr. 8), 


and .*, between aancsennn and ‘sec. saeaes (conit.). 


Oxi. D 
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IG 
HQUAL  parallelograms 


which have one angle in each equal, 
have the fides about the equal angles 
reciprocally proportional 


II. 


And parallelograms which have one angle in each equal, 
and the fides about them reciprocally proportional, are equal. 


Let 


and —o—cenmee be fo placed that ——————— 


and sand 


and ———===eee may be continued right lines. It is evi- 


dent that they may affume this pofition. (B. 1. prs. 13, 14, 
15.) 


Cnibiore 


‘S “A - \ =F > \ (Bo gapia es 
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(3 Om prs i.) 


The fame conftruction remaining : 
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ils 
meg QUAL triangles, which have 


one angle in each equal 


a > — q> HeaBthe 


fides ides about the equal angles reciprocally 
proportional 


(———— Somme eS. 


MT: 


And two triangles which have an angle of the one equal to 
an angle of the other, and the fides about the equal angles reci- 
procally proportional, are equal. 


I, 
Let the triangles be fo placed that the equal angles 


* and 4 may be vertically oppofite, that is to fay, 


fo that -maceeme and sme may be in the fame 
ftraight line. Whence alfo 
be in the fame ftraight line. (B. 1. pr. 14.) 


and amuses {11tiit 
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UB 5 See siere) 


II. 


Let the fame conftruction remain, and 


pw 


(emo pr. 1.) 


BOOK T. “PROP ANVT. THOR. 


to 
LoS) 
nN 


PART I, 
BE four fraight lines be proportional 


Ry ( 
are, the rectangle ( 


Some i cece ners f cemncsmen), 


NK senewmene ) contained 
by the extremes, 1s equal to the rectangle 


(meme XK ccnweenee ) contained by the means. 


PART J. 

And if the reéf- 
angle contained by 
the extremes be equal 
to the rectangle con- 
tained by the means, 
the four ftraight lines 


are proportional. 


TTT | lessens 


AUS lial 


From the extremities of ce=e=== and ——_——aee draw 


and -L to them and =e «essescensss 


and ceeaeweee refpectively: complete the parallelograms 


And fince, 
2 tssescsenee S suas eoee (hyp.) 


: (conft.) 


(B. 6. prvi 
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or, 
that is, the rectangle contained by the extremes, equal to 


the rectangle contained by the means. 


PARaees iin 


Let the fame conftruction remain ; 


uponaesemes == ee = iE’ 


and fo ee] 


becaufe 


mmc 
—ao THNHGseeee YL 
? 


ane oc 


SS weeeeee. (contt.) 


e s ee e 
ee eee @ SS ee SESERRONCOG e Sas aeeen 


(B. 5. pr. 7). 


© 
ms 
Co 
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PART I 
SaF three flraight lines be pro- 
ay portional (<ameeme 2 aE Saas 


=< ——— ee 


Baer rectangle under the extremes 
ts equal to the fquare of the mean. 


PART II. 
And if the rectangle under the ex- 


tremes be equal to the fquare of the mean, 
the three fraight lines are proportional. 


PART I. 
Affume = —-——., and 
LINE ee 82 Se, 
then Se FS fe , 


(B. 6. pr. 16). 


But = : 


=—— xX 


’ 
*; therefore, if the three ftraight lines are 


proportional, the rectangle contained by the extremes is 
equal to the {quare of the mean. 


PART II. 


(B. 6. pr. 16), and 
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PieeeebN 2 given firaight line ( ) 
fi NAW to conflrucét a retilinear figure 


oe fimilar to a given one ( y ) 


and fimilarly placed. 


Refolve the given figure into triangles by 


draeane the lines)22-....- el Cn ee 


At the extremities of mmm jnake 


i~ —- Poa —\ 


Geaimat the extremitics Of weeeeeeem make WW — wW 


and < = A: in like manner make 
\ = \7 and i‘ = \ 3 


Then » is fimilar to » 


It is evident from the conftruétion and (B. 1. Pe. 32) that 


the figures are equiangular; and fince the triangles 


~ and hh equiangular; thenby(B. 6. pr. 4), 


and 


oe ° 
Gag g sg esueesene:, 
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Again, becaute » | and > | are equiangular, 


=u © sesacnansam °° coun¢eee8ate © <auURwenem © 
e ee e Sy 


a CXie gual, 


rl 
eupmeasacen ir —————— bs 


(B20. pr. 22.) 


In like manner it may be fhown that the remaining fides 


of the two figures are proportional. 


*, "by" Bs Gadel. aie) 


» is fimilar to » | 


and fimilarly fituated; and on the given line 


Q. EM 


sles A 


) are to one 


and 


another in the duplicate ratio 


of their homologous fides. 


Let A and A be equal angles, and «s#¢= =a 


and commen homologous fides of the fimilar triangles 


A. A and On <essssmmememe the greater 


of thefe lines take «=e: a third proportional, fo that 


aDd ime FO ce <—S e . a=. 


draw enics6ugmens, 


(BMG sph 4); 


. e ee e 
CSE ee ete —Sese 
‘. SESE ala 5 


(eo piaeo, ale, 


but cco ° ee 9S Ce PL {conit.), 


ee eT coo wetewenn 8 oOo oe confe- 


I! 
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quently A = 4 for they have the fides about 
the equal angles 4 and 4 — proportional 


7 A: AA 
A. — 


that is to fay, the triangles are to one another in the dupli- 
cate ratio of their homologous fides 


woe 21 terse (B. 5. def. 11). 


ONE ID: 
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2 


eg IMILAR  poly- 
ME Oe gons may be di- 
vided into the 

E fame number of 
fimilar triangles, each fimilar 
pair of which are propor- 
tional to the polygons; and 
the polygons are to each other 
in the duplicate ratio of their 
homologous fides. 


Draw ——emee and 
asmeseses, and 
and ---.------- > refolving 
the polygons into triangles. 


Then becaufe the polygons 


are fimilar, | = ! £ 
al s 


nd queen 5 SOCeuesease 88 cen 9 lew ce ense 


(Emo; pree): 


but a —— & becaufe they are angles of fimilar poly- 


gons; therefore the remainders A and A are equal ; 


hence (opmmmeemes § ecamencus $8 aacccecen= $ ccecsserveen 


on account of the fimilar triangles, 
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eucceccases oe stg z ° 


ex equali (B. 5. pr. 22), and as thefe proportional fides 


contain equal angles, the oe DD « > 


are fimilar (B. 6. pom): 


In like manner it may be fhown that the 


triangles Vv and Vv are fimilar. 


But aiff is to af in the duplicate ratio of 


comennneee (OQ aaccseosa (B. 6. pr. 19), and 
SD is L in like manner, in the duplicate 
ratio of ascemseesce (QO sseseecames > 


Again la is LS» in the duplicate ratio of 
eames (0 ee , ™ J is to V : 


BOOK VI. “PROPOXX. THEOR. BANG 


to 


the duplicate ratio of 


> i -: V4 


and as one of the antecedents is to one of the confequents, 
fo is the fum of all the antecedents to the fum of all the 
confequents ; that is to fay, the fimilar triangles have to one 


another the fame ratio as the polygons (B. 5. pr. 12). 


Bu gf is to y A in the ae ratio of 


onus |=[0 


~ | is ye in the duplicate 


a i —  _—_—_a 


9. E.D 
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. ws ECTILINGR figures 


which are fimilar to the fame figure ( ~~ 


are fimtlar alfo to each other. 


Since ~~ and > are fimi- 


lar, they are equiangular, and have the 


fides about the equal angles proportional 
(B. 6. def. 1); and fince the figures 


>. and ~~ are alfo fimilar, they 


are equiangular, and have the fides about the equal angles 


proportional; therefore ~~ and > are alfo 


equiangular, and have the fides about the equal angles pro- 


portional (B. 5. pr. 11), and are therefore fimilar. 


QE Dp 
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PAsiuale 


Ny four ftraight lines be pro- 


oon fimilar rectilinear figures 
Jfimilarly described on them are alfo pro- 


portional. 
PART II. 


And if four finilar reétilinear 
figures, fimilarly defcribed on four 
frraight lines, be proportional, the 
frraight lines are alfo proportional. 


PART I. 


Take seccssecas a third proportional t0 —_—_ 


And ee Fy and eeancsnanss Q 


(QO awe and 


{NCC semen {seen ff ee Fe (hyp.), 


eo SS 8 Crnoncodas oo —memcc 2 meneeeereEs (conft.) 


rene Sucequali, 


third proportional 


(BO. pre Vi), 


wceunaeamss °° & meses ° @EBeRiepan ° : 


(B. 6. pr. 20) 


and e oa oe mmnmeums 5 comesnnses ° 
by) 
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vw. Xo 


(Baac apr. 111). 


PART II. 


Let the fame conftruétion remain: 


A.M. @0O.. 


°, suum (9 comacersics °° pier (contt.) 


and ,°, <___mmmmp ° Gumemmmmems 950 SSSSo « 


(Bescon. 1). 


Q. Ea 
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ary QU IANGULAR parallel- 


ograms 7 4 and 


a BD») are to one another 
in a ratio compounded of the ratios of 
their fides. 

Let two of the fides om and 
ssosooee about the equal angles be placed 
fo that they may form one ftraight 


line. 


a, ge Dp - AN, 
ae oe Aeon 
| ew 2a aby 


and .°, <mmmmmess and cmmemmme form one ftraight line 


(Be lpia 


complete Tf. 
Since , £ f | Ce Cg Gn) FANE] 


(BO. oT a3 
and Ds oo. EE 9 clowns (Bre: pial); 
se ..: to .. ¥ a ratio compounded of the ratios of 


K K GEE. DD. 
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gN any parallelogram ( PF 


‘ the parallelograms ( F/ 


_ eae ld ) which are about 


the diagonal are fimilar to the whole, and 


to each other. 


As and ld have a 


common angle they are equiangular ; 


but becaufe See \| aeRO MASS 


iM. and PON are fimilar (B. 6. pr. 4), 


o 
and the remaining oppofite fides are equal to thofe, 


ee BF and have the fides about the equal 


angles proportional, and are therefore fimilar. 


In the fame manner it can be demonftrated that the © 


parallelograms | if and J are fimilar. 


Since, therefore, each of the parallelograms 


J / and J is fimilar to j : » they are fimilar 


to each other. 


(op 19), 10). 
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BIO defcribe a rectilinear figure, 

which fhall be fimilar to a given 
- ge) rectilinear figure ( - ), and 
equal to another a ie 


sey comatiee Ceferibe ‘Ja = , 
and UpON .—_——_e» defcribe rl = a. 
and having ix = ¥ (Bn pr. 45), and then 


emcees and smmaeeemm will lie in the fame ftraight line 


(Geol. prs. 20, 14), 


Between s——— and smamseeme=: find a mean proportional 


eee O. PF. 13), ANG UpON ee 


defcribe MM, Gimilar to aa 


and fimilarly fituated. 


Then y N — a. 
For fince y and a are fimilar, and 


: ee 2 ssemeremes (contt.), 


a : Ma, er 


(B26. Pr. 20); 
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but A: all Sto D oeemeeee (B. 6. pre 
a - a :: iy . an... 
b: <A — (conft.), 
and! .=, os = P| (B"S. pre kane 
and a = ie (conft.) ; confequently, 
 vhichis imi: 0 ay isa = @. 


Q. E. D. 
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eer fimilar and fimilarly 
4 pofted parallelograms 


) 


have a common angle, they are about 
the fame diagonal. 


For, if poffible, let ey 


be the diagonal of JA .. 


draw se || ome (B. 1. pr. 31). 


Since ih LP about the fame 


diagonal gsss™™—mnme, , and have A common, 
they are fimilar (B. 6. pr. 24); 


but qomarnqemass $ Sensors 8S coe RT ESD 5 SE moemetnn se 


(hyp.), 


°) qmwerees $ aumnemeeee $° Q 
ane a Co Sg Oc ee, 


and ae eee S 6 OOF (B. 5. pr. Gay 


which is abfurd. 


oo ge, is not the diagonal of LT 


in the fame manner it can be demonftrated that no other 


line is except 


7B. D. 
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BEE all the rectangles 
\ contained by the 
| i Segments of a given 
be El fraight line, the 
greateft is the fguare which ts 
deferibed on half the line. 


Let ——=———=—== be the 
given line, === and —-=——= unequal fegments, 


ANd eee eee oe equal fegments ; 


then a. zl 


For it has been demonftrated already (B. 2. pr. 5), that 
the fquare of half the line is equal to the rectangle con- 
tained by any unequal fegments together with the fquare 
of the part intermediate between the middle point and the 
point of unequal fection. The fquare defcribed on half the 
line exceeds therefore the rectangle contained by any un- 


equal fegments of the line. 


Q. ELD: 
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se ws) fo that the rec- 
ie contained by its segments 


may be equal to a ZIVEN ATCA, mreonves 
not exceeding the fquare of 
half the line. 


Se eeneeeneeeee e ‘sea pmuess 


Let the given area be == «+++ eb asubonesenes a 
Bifectt meee sen Caeee ¢ or 

make Se = wemaccwesas 5 

and if coe) ene! ” Ss ese eens 2 


the problem is folved. 


But if coccsamummmanmas ” ac comae Demeee A then 
mut © °::+ nmemmeme cumaseoe = (hyp ) 
Draw commmmees | corer emma Se nn : 


make PT sasate SS Som «()[ ses manes 3 
With camsemssss case as radius defcribe a circle cutting the 


given line; daw ————. 


Then -reee > mmm cenes | meal ee 


(B.2.p..5) 2 —_—— 7 


But ———=——. — esesese * + 


(B. 1. pr. 47); 
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tr 4 a 2 2 


=a fe *, 


2 


from both, take ——___—_< *, 


and aananm x< acc.r = a 


But ata pana woo Hoots (conit.), 
ANd ,°, "oe sommmummennee sae e = is fo divided 


that rasenas x ee Oe — + eee weee? 


Q. E. D. 
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Fa) O produce a given firaight 
line (—mmrensens), fo 
that the rectangle con- 
is tained by the fegments 
between the extremities of the given 
line and the point to which i ts pro- 
duced, may be equal to a given area, 
i.e. equal to the fquare Oi ——, 


Make So tenernese and 


draw a Se a A susefecee qe ° 


9 


draw yang 


with the radius , deferiBe a circle 


Meeting see eenseee produced. 
Then seamen suns cm x Sse + wonecence 2 
—- me * (B. 2. pr. 6.) = ee? 
But comes ? — - aueaseom a =ccsuneesce = a3, 1pE.47.) 


fo Ssseecene XK cose + srouieeeaee? = 


Sccnconson © + BES ERGana: " 


from both take -sseess= % 
ANG mmm sonore toes ~< we senensrne 78 


but Sete _— x 


? 


. : i 
ote Chteaeens ? = the given area. 


Q. E. D. 


258 BOOK VI. -PROPAXXX. PROB: 


SePy|O cut a given finite firaight line (—_=+- ) 


Bi in extreme and mean ratio. 


On =—eme---- defcribe the fquare | 


(B. 1. pr. 46); and produce mmm, {0 that 


nn 1) ie nn x sm enee eens: | mee pa a 2 
i (Babson 20): 
take —wee «Oke 5 
1 and draw common |] memes sree 20 P 
: MECING cammnccrn |] meeemerneeees (BL 1. pr. 31). 


Then —— ss ae ee x< “mromeneD 4 


and iS.a°) == ‘|: and if from both thefe equals 
be taken the common part bl 4 


als which is the fquare of ————=—== , 


will be = [. which is = memes nee DK onrecemenere § 


rd 


that is ao SS tt x< i 
Gummmmamem Fe 0 cee eee 9G none 
and wmaes:es252 is divided in extreme and mean ratio. 


(B. 6. def. 3). 
Q. E. D. 
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fee cm: any fimilar rectilinear 
4° ca) figures be fimilarly defcribed 
i) Ve | on the fides of a right an- 


gled triangle ( ~ ), the figure 
defcribed on the fide (201+: fith- 
tending the right angle is equal to the 


Jum of the figures on the other fides. 


From the right angle draw omemmmms perpendicular 


then saesces sme $ : 2 SS eee 


(B. 6. gs). 


(Bator. 26). 


but =. Pi eee FS... sone 


(520. prmzo). 


Hence =neeeanmem + meee «$cc 011) mee 


cm. Do. a. 
+-— = 


but cmmbawsaee 


ssananam Sag 


Q. E. D. 
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age two triangles ( 4 & and 
y , Y ews have two fides pro- 


=A) POTtiOndl, ( ——— 


nse M-Scan | macencraane ), and be fo placed 


* 
* 
conn ta 4 an angle that the homologous fides are pa- 


rallel, the remaining fides ( ———=m and emmmewe>\ form 


one right line, 


Since me |] -.-. taeeeey 


4a - F ot pea) 


and alfo fince |] cccesseaees ; 


Ame ee: 
O= B20 


S me awamaciacrae g PORT R =e (hyp.), 


the ane are Re. B. 6. prac: 


. =A: 
uw =F; 


£4+V.A-=4;4:A- 
CL (B. 1. pr. 32), and .°, —ewren= and ~-e8ecne= 


lie in the fame ftraight line (B. 1. pr. 14). 
Q. Bab 
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me equal circles cy : C) ), angles, 


Hl whether at the centre or circumference, are 


Beale h| in the fame ratio to one another as the arcs 


on which they ftand a | : Ale mee om 5 
fo alfo are feétors. 


Take in the circumference of C) any number 


of arcs se, sme , &c. cach == mmm, and alfo in 


the circumference of S take any number of 


ALCS ‘tree Sg Teeeeee » &c. each == sme. draw the 


radii to the extremities of the equal arcs. 


Then fince the arcs me, ===, mes, &c. are all equal, 


the angles 4. 4 \. &c. are alfo equal (B. 3. pr.27); 
A is the fame multiple of d which the arc 


wee is of was > and in the fame manner a 


is the fame multiple of yy which the arc’ Mieg,.,,,,.."*” 


is Of the arc «ivan , 
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Thenvit is evident (a4 pes 27): 


if A (or if m times a =, ml aoa 
(or 2 times } 


then Seman” (Or m tines =) (F, =, TJ 


cot” (Or 72 tiMES -caons) § 


(mane 


us a: Ag. mem cue » (B. 5. def. 5), Oran 


angles at the centre are as the arcs on which they ftand ; 
but the angles at the circumference being halves of the 
angles at the centre (B. 3. pr. 20) are in the fame ratio 
(B. 5. pr. 15), and therefore are as the arcs on which they 
{tand. 


It is evident, that fectors in equal circles, and on equal 
arcs are equal (B. 1. pr. 4; B. 3. prs. 24, 27, amardermane 
Hence, if the feétors be fubftituted for the angles in the 
above demonftration, the fecond part of the propofition will 
be eftablifhed, that is, in equal circles the fectors have the 


fame ratio to one another as the arcs on which they ftand. 


Q. E. D. 
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> 


ae 5 F the right line (eoneseer) 
Pits) are] Jifecting an external 


|} angle 4 of the tri- 


meet the oppofite 


*. 
« 
® 
*e 
« 


« 
« 
& 5 
*, 
BeoaPtBensanna seevesin 


Jd. |—mmmmeee' produced, that whole produced fide (——ems*""*), 

and its external fegment (s»eeees=) will be proportional to the 
fidé5 (_meonesse (1d commen), which contain the angle 
adjacent to the external bifeGted angle. 


For if tee ieee be drawn {| aweusnmas 4 


then ‘@ = \ > 5 CD. epee 20)'; 
= ov, 
= gv. (OE. pr. 29)¢ 


and ,°, =secvesssme = weet. pr. 0), 
and =a So omomsesne $$ cmmmamanme $0 sescseenace - 
(Bb. CMe. @); 
But alfo, 
(Bo, pre 2); 
and therefore 
(ROU oo aga 3 Mesaenwnaarea sie CEES © oe es : 
(Besipr. 1) 


Q. E. D. 
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peepee! an angle of a triangle be b1- 
Aaey C3) Jeéted by a flraight line, which 
WE| likewife cuts the bafe; the rec- 

Ge) rangle contained by the fides of 
the triangle is equal to the rectangle con- 
tained by the fegments of the bafe, together 
with the fquare of the flraight line which 


* bifetts the angle. 


Let www be drawn, making 


4 = >. then fhall 


OK eee K eee -f- memmegmm *, 


About VAN defcribe C) (B. 4. prays 


produce ——~s===—— to meet the circle, and draw -«s=sssa=, 


Since 4 = A (hyp.), 
and a = b (B. 3. prose 


Al and | are equiangular (B. 1. pr. 32); 


° 
oe elere 
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x = XK sin 
(Bo6. pram.) 
Le Oa 
VB 2= pram) 
ID? Caoeencrs i ee X— 
(B. 3. pr. 35); 


°, eS x —= = edged. ——ee 


Qe E. D. 


MM 
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al from any angle of a triangle a 
) frraight line be drawn perpendi- 
i cular to the bafe; the rectangle 
tel) contained by the fides of the tri- 
angle 1s equal to the rectangle contained by 
the perpendicular and the diameter of the 
circle defcribed about the triangle. 


From @- 


draw gesceauaes 


mL nese seme — 
thall es es 4 ee em tosan usa x the 
diameter of the defcribed circle. 


Defcribe G) (B. 4. pr. §), draw its diameter 


eT 5 and draw 


3 then becaufe 


4a = ‘as (conft. and B. 37 pram 
aes B (Bag. pre ue 
yt 
ae : 


eaten: 8 is equiangular to (B. 6. pr: Ae 


Ps ML S a 
(B. 6. pr. 16). 


Q. E. D. 
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HE reétangle contained by the 
diagonals of a quadrilateral figure 
infcribed in a circle, ts equal to 

ae! both the rectangles contained by 


its oppofite fides. 


a 

a 

Let f 
wa 


/ be any quadrilateral 


figure infcribed in 8: and draw 


252800 ee and Sa then 


3 


eee — Sa, Qe Oe GO ie 


Make A = Vv (Baie pr. 2a)), 


| 
| 
| 


28 > el — ee x eeorttade 


(ee. 1pr. 10); again, 


becaufe A = Lz (contt.), 
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2nd ge = LW CB grape 20) 


(Bln Oe (aes Buy): 


 asesrnuzasee 4 ———e 


(Ba Opie hO); 


but, from above, 


THE END. 
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